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MATRIX COMMUTATORS 
M. F. SMILEY 


Introduction. A classical theorem states that if a square matrix B over 
an algebraically closed field F commutes with all matrices X over F which 
commute with a matrix A over F, then B must be a polynomial in A with 
coefficients in F (2). Recently Marcus and Khan (1) generalized this theorem 
to double commutators. Our purpose is to complete the generalization to 
commutators of any order. 

Let F be an algebraically closed field and let F, be the ring of all by n 
matrices with elements in F. We define AyZ = [Z, Y] = ZY — YZ for all 
Y, Z in F,. 


THEOREM. Let A, B € F, be such that for some positive integer s, A,'*X = 0 
for X in F,, implies that Ax*B = 0. Let the characteristic of F be 0 or at least n. 
Then B is a polynomial in A with coefficients in F. 


For s = 1 we have the classical theorem except for the restriction on the 
characteristic of F. For s = 2 we have the result of Marcus and Khan with 
a bit more freedom for the characteristic of F. We feel that even for s = 2 
our proof has interest. We first observe that s > 1 is “rather without meaning”’ 
for semi-simple matrices and then we use this observation to reduce our 
theorem to the classical case. Here we call A in F, semi-simple in case the 
roots of the minimal polynominal of A are distinct. 


1. Some lemmas. The results of this section will be used in the next 
section in which we will prove our theorem. 


LemMA 1. Jf A is semi-simple in F,, then A4'*X =0 for some positive 
integer s only if A,X = 0. 


Proof. We use induction on s. Let E,(k = 1,...,¢) be the principal idem- 
potents of A so that A = wk, +...+ 4,4, with wy F(k=1,...,@q). 
Then each E;, is a polynomial in A with coefficients in F. The Jacobi identity 
[Y, [Z, W]] + (Z, [W, Y]] + [W, [Y, Z]] = 0 for all Y, Z, W in F, shows 
that if E = E, (k = 1,...,q), then AyAgY — AgA,Y = 0 for all Y in F,. 
Now A,'X = [A,*"1X, A] = Ogives [A,*-'X, E] = Oand hence A,*'A,X =0. 
By our inductive hypothesis, 4,A,X = 0 from which A,g*X = 0 follows at 
once. But Ag?*X = 2EXE + XE — EX = O yields EX = XE upon right and 
left multiplication by EZ. Thus AgX = 0 for all E = E, (k = 1,...,¢) and 
consequently A,X = 0, completing our inductive proof of the lemma. 


Received May 12th, 1960. 
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An alternative proof of Lemma 1 is suggested by the referee. We may 
assume that A is a diagonal matrix and use the well-known matrix repre- 
sentation L = 1 @A-—A @I for Ay, where @ denotes the Kronecker 
product. But then Z is a diagonal matrix so that L and L* have the same 
null-space, and this proves Lemma 1. 


At this point we introduce the usual matrix units e;, (i,j = 1,...,) in 
F,. The matrix e;; has 1 in the ith row and jth column and zeros elsewhere. 


LEMMA 2. In Fy, let C = ATy + €2; + €32 +... + Cxe_-1 with X in F and 
X = e1, + Zeon +... + Reg. Then Ac?X =0, and for Y= (C—A)X, 
A 0 


Proof. A simple computation shows that AcX = XC — CX = C— dA. 
Since Ac(C — A)T = (C — A)AcT for all T in F;,, the lemma follows. (The 
matrices X and Y are special cases of certain matrices used in (1) on pp. 
273-274.) 

LemMMA 3. Let C, X, Y be as in Lemma 2 and let B € F,. Assume that the 
characteristic of F is 0 or at least k. Then |B, X| = 0 implies that B is a diagenal 
matrix and |B, X| = [B, Y] = 0 implies that B is a scalar matrix 


Proof. With B = 2b,;e;; we find that BX = Yjbije,, and XB = Libyse4;. 
Hence [B,X]=0 gives },,=0 for i#j and i,j=1,...,k. With 
B = diag(b;,...,b:), YB = byeo; + 2beese +... + (R — 1)d,—-1e¢x-1 and 
BY = beeo; + 2bzeg2 +... + (R — 1)dpexx-1. Hence [B, Y] = 0 yields 


b; = bg = ... = Bb so that B is a scalar matrix. 


2. Proof of the theorem. In this section we use the lemmas of § 1 to 
prove our theorem. Since we shall use the classical result (s = 1) in our proof, 
we assume that s is at least 2. 

We may clearly assume that A € F, is in Jordan normal form: 


A = diag(C,,...,C,.) = diag(/i,...,J¢) 


where each C; (i = 1,...,2) is an m; by m; matrix corresponding to an 
elementary divisor (x — \,)?‘ of A and each J; is an m, by m, matrix with a 
single characteristic root uw, and uw, ¥ uw, for k #1 (k,l = 1,...,4q). 

Take X = diag(1,...,) and use Lemma 2 to obtain A,?X = 0 and hence 
Ax*‘B = 0. By Lemma 1, since X is semi-simple, A4yB = 0 and B must 
be diagonal by Lemma 3. We write B = diag(B;,..., B,), X = diag(Xi,..., 
X,) conformally with A = diag(C,,...,C,). With Y = diag((C; — A,) 
X1,...,(C, — A) X,), we have A,?Y = 0 by Lemma 2 and also A,y?(X + Y) 
= 0. Since X + Y is semi-simple, Ay,yB = AyB = 0. By Lemma 3, 
B, = cd,,; with c; in F (¢ = 1,...,¢#). Now let C; and C,,; have the same 
characteristic root A and let U be an (m; + n,4;)-rowed square matrix whose 
only non-zero element is 1 in the last row and first column. If Z = diag(0, U, 0) 
in conformity with A = diag(C;,...,C,), then ZA = AZ = Z so that 














MATRIX COMMUTATORS 355 


A,Z = 0. Since X + Z is semi-simple, we obtain Ay,zB = A,B = 0 from 
which ¢c; = C;4; follows. Thus if B = diag(Bo,..., Bo,) in conformity with 
A = diag(J;,...,J,), then Bo = djJ, with d, in F (k = 1,...,9q). Now 
if |W, A] = 0 it is well known that W = diag(Wi,..., W,) in conformity 
with A = diag(J;,...,J,). A direct proof of this statement goes as follows. 
Partition W into blocks W,,; in conformity with A = diag(J;,...,J,). If 
Y = W,, with k #1, then [W, A] = 0 gives (pJ + C)¥Y = YD with C and 
D nil-potent and p non-zero in F. Thus Y(Rp — Re) = pY where Rp, Le 
denote right and left multiplications by C, D, respectively. Since C and D 
are nil-potent, so is Rp — Le, and it follows that p'Y = 0, Y = 0. Now we 
see that [W, A] = 0 for W in F, implies that [W, B] = 0 and we complete 
the proof of our theorem by an appeal to the classical case. 
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ORTHOMORPHISMS OF GROUPS AND 
ORTHOGONAL LATIN SQUARES. I 


DIANE M. JOHNSON, A. L. DULMAGE, anv N. S. MENDELSOHN 


1. Introduction. Euler (6) in 1782 first studied orthogonal latin squares. 
He showed the existence of a pair of orthogonal latin squares for all odd n 
and conjectured their non-existence for m = 2(2k + 1). MacNeish (8) in 
1921 gave a construction of m — 1 mutually orthogonal latin squares for 
n = p with p prime and of m(v) mutually orthogonal squares of order »v where 


T= pipe” eee pr" 
with 1, p2,..., Pr being distinct primes and 


n(v) = min(p{', po”, ..., p27") — 1. 
MacNeish conjectured that m(v) was the maximum number of mutually 
orthogonal latin squares of order v. Both the Euler and MacNeish conjectures 
stood unbroken until 1959 when Parker, Shrikhande, and Bose in (2, 3, 9, 
10, 11) showed that they were false. 

While progress in the construction of mutually orthogonal latin squares 
was slow between 1921 and 1959, their importance grew for other reasons. 
Statisticians used them in the design of experiments and a striking connection 
between orthogonal latin squares and finite affine (and projective) plane 
geometries was discovered by Bose and others. 

It is a trivial fact that for any n, there are at most m — 1 mutually ortho- 
gonal latin squares. When m — 1 such squares exist we say that the set of 
squares is complete. There is an easily established 1-1 correspondence 
between complete sets of orthogonal latin squares and finite affine (and hence 
projective) plane geometries. With a partial set of mutually orthogonal latin 
squares a partial affine plane can be constructed. Two types of finite pro- 
jective plane are of particular interest, namely, the Desarguesian plane and 
the Veblen—Wedderburn plane. These can always be represented by a com- 
plete set of squares as follows. The basic square is the group addition table 
of an elementary abelian group and the remainder of the squares are obtained 
by a set of permutations of the rows in each of which the first row is kept 
fixed. One of the results of this paper is to give an algebraic characterization 
of all geometries which correspond to complete sets of squares which are 
obtained by permuting the rows of the addition table of an abelian group. 
Whether any such geometries apart from the Desarguesian and Veblen- 
Wedderburn planes exist is an open question. 


Received May 1, 1960. Research supported in part by the United States Air Force Office of 
Scientific Research under Contract AF 49(638)-860. 
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In this paper the notion of an orthomorphism is introduced. This is a 
transformation which when applied to the addition table of an abelian group 
yields a square which is orthogonal to the original square. Criteria are 
obtained which enable one to say whether a given set of mutually orthogonal 
squares may be extended and properties are obtained which make hand com- 
putation rapid. By means of these properties the authors have obtained a 
set of 5 mutually orthogonal latin squares of order 12. This number exceeds 
the possible number given in the recent work of Parker, Shrikhande, and 
Bose since for m not a prime power their methods cannot yield more than 
Vn mutually orthogonal squares. 

An algorithm suitable for machine computation has been obtained. This 
algorithm has been programmed by Parker and van Duren for the case n = 12 
on the UNIVAC M 460. Exhaustive computation has shown that 5 is the 
maximum number of mutually orthogonal squares of order 12 obtainable by 
permutation of the rows of the non-cyclic abelian group of order 12. However, 
there are several non-isomorphic sets. Parker has also obtained the result 
that for m = 15 it is impossible to find a complete set of squares by permuting 
the rows of the group of order 15. This work is not yet published. As this 
paper is being written Bose has given the authors a report in which similar 
work on machine computation is being carried out at the Case Institute of 
Technology by two of his students. 

Besides aiding in the construction of orthogonal latin squares, the theory 
of orthomorphisms sheds much light on finite projective planes. For instance, 
in the case nm = 9 it is rapidly established that there are exactly 21 sets of 
8 mutually orthogonal latin squares obtained from the elementary group of 
order 9, by permuting its rows. Three of the sets correspond to the Desargue- 
sian plane, 9 to the Veblen—Wedderburn plane, and 9 to the dual of the 
Veblen—Wedderburn plane. The 5 possible multiplication tables of the co- 
ordinate systems are obtained as an automatic side result. One of the tables 
is GF(3*), the other four being the four possible Veblen—Wedderburn multi- 
plication tables of order 9, obtained first by Marshall Hall in (7). 


2. Definitions and elementary properties. A latin square of order n 
is an » by m matrix each of whose rows and columns is a permutation of a 
set S of n elements. Two nm by m matrices A = (a,,) and B = (0,;) are said 
to be orthogonal if the m? pairs (a;;, b;;) (¢ = 1,2,...,m;7 = 1,2,...,m) 
are all distinct. Note that the entries of B need not be taken from the same 
set as those of A. Let T be the set of elements which occur as entries of B. In 
this paper the authors make the convention that any latin square is ortho- 
gonal to itself, although obviously the condition of orthogonality is violated. 
If one considers the set of all m pairs (a;,, b;;) where a,, is a fixed element of 
S, the elements 5,,; are all the elements of 7, and the set of cells (7, 7) at which 
these 5,;, appear, occur one in each row and one in each column of B. These 
entries of B are said to form a transversal, and B can be dissected into m mutually 
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exclusive transversals. Conversely, if the latin square B can be dissected into 
nm mutually exclusive transversals, a square A orthogonal to B is obtained 
by assigning to all the cells of any transversal the same element of S, and 
assigning to different transversals different elements of S. If the entries of 
an m by m square A are the elements of an additive group G, with 0 in the 
(1,1) position, and the first row and the first column are permutations of the 
elements of G, then A is said to be a group addition table provided that the 
entry in the (i,j) position of A is the sum of the entries in the (7,1) and (1,7) 
positions of A. A group addition table is said to be in standard form if the 
entries along the main diagonal are all 0. For an abelian group G of type 
a, X a2 X a3... XK a, the standard form may even be more specialized into 
computational standard form as follows: the elements of G are taken as r-tuples 
(b;, be, ..., 6,-) with 6; ranging from 0 to a; — 1, and the first column of A 
is to consist of the elements of G arranged lexicographically in ascending 
order. For all theorems below referring to machine computations it is implied 
that the basic square will be in computational standard form. For a group 
addition table it is convenient to label the rows and columns of the square A 
using elements of G as labels. Any row of A will be labelled by its first entry, 
and the ith column of A will be given the same label as the ith row of A. 
Hence, if A is a group addition table in standard form and the ith column of 
A is given a label g, then the first entry in the ith column of A is —g. Each 
cell of A is given a double label, namely the pair (g,h) where g is the row 
label and hk is the column label of the cell. The entry in the cell (g,h) is g — h 
whenever the square A is in standard form. 

An important folk theorem in the theory of orthogonal latin squares is 
based on a type of Kronecker product. Let A be a square with entries a;, 
and for any symbol k define the square A* as the square whose entries are 
the pairs (a;,,;,%). If A and B are squares of order m and m respectively the 
Kronecker product square is defined as the squares A X B given by: 


[a Ae. is A’™ 
b21 bee bom 
AXB= A oa da A 


dm} bm2 dmm 
a. = x” 


The order of A X B is nm. If A and B are group addition tables in standard or 
computational standard form of groups G and H then A X B is the group 
addition table of the direct sum of G and H in standard or computation 
standard form. (Strictly speaking this is only true if one identifies a symbol 


such as ((¢:, C2, ..., Cr), (di, d2,...,Gs)) with (¢1, Ca, ..., Cr, dy, de, ..., ds). 
The folk theorem mentioned above reads as follows. Let A;, Ao... , 4 1, and 
B,, Bz, ..., B, be two sets of mutually orthogonal squares. Then the squares 


A, X By, Ae XK Bo,..., A,r X B,are mutually orthogonal. While not explicitly 
formulating this theorem, MacNeish used it in his construction given in (8). 





— 
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3. Orthomorphisms. Let G be a group of order m written in additive 
form whether abelian or not, and let A be a group addition table of G in 
standard form, the entries in the first column of A being 0, ge, gs, ..., 2. A 
one-one mapping ¢ of G onto itself given by ¢:x — x@¢ is called an ortho- 
morphism if x — x@ = y — yo implies x = y. There is a scanty literature on 
mappings of groups which are equivalent to orthomorphisms. If the mapping 
x —> x@ is an orthomorphism, Paige and Hall in (12) and (13) call the mapping 
x —> —(x@) a complete mapping. Their work is concerned with the question 
as to whether complete mappings exist in a given group. Actually, this question 
can be answered completely as follows. A group G admits an orthomorphism 
except in the case where G is of even order and its Sylow 2-subgroup is cyclic. 
Under the name 1-permutations, Singer in (15) discusses orthomorphisms of 
cyclic groups of odd order. 

With each orthomorphism @¢ we associate the square A, which is obtained 
from A by permuting its rows in such a way that the first column of A, has 
entries 0¢, god, Z30, . . . » Zn—1, ab. The entries in the ith row of A, are 


Zid, Zh — Ba, Zih — B3,---, 2 — Bn 


By convention, we will call the identity mapping J given by I:x ~ x] = x, 
an orthomorphism in order to conform to a previous convention which stated 
that any square is orthogonal to itself. 


THEOREM 1. Jf ¢ is any orthomorphism the squares A and Ag are orthogonal. 
Conversely, if A and A, are orthogonal where A, is obtained by a permutation of 
the rows of A then the first column of A, is obtained from the first column of A by 
an orthomorphism. 


Proof. Let a;;and 6,,; be the entries in the (7, 7) cell of A and A, respectively. 
Consider the pairs (a;,;, b:;), (@;s, 6s). It is sufficient to show that if a,; = a,, 
then b,, = 6,, if and only if i = randj = s. ay, = gy — g, and by, = gud — 2p. 
If a,; = a,, then g; — g; = g, — gs. Ifalsob,, = b,, theng@ — gy = gb — gs. 
These imply gi — gi = g- — g,, and hence g; = g, and g, = g,. Thusi =r 
and j = s. 


The converse part of the theorem helds since the argument is reversible. 


THEOREM 2. The squares Ay and Ay are orthogonal if and only if @~'W is an 
orthomorphism, and this is equivalent to x@ — xf = yd — yh implies x = y. 


The proof is the same as that of Theorem 1. 


We will say that the orthomorphisms ¢ and y are orthogonal if the corre- 
sponding squares A, and Ay are orthogonal. In particular, if @ is any ortho- 
morphism then ¢ is orthogonal to J; also ¢~' is an orthomorphism and is 
orthogonal to ¢ if and only if ¢? is an orthomorphism. An automorphism a 
of G is an orthomorphism if and only if 0 is the only element of G fixed by a. 
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There is a (1-1) correspondence between transversals of A and ortho- 
morphisms of G which is obtained as follows. Let the rows and columns of A 
be labelled by the elements of G as given in the previous section. The entries 
in the cells (a;, b;), (@2, b2),..., (Gs, b,) are a transversal if and only if the 
mapping 5; — a; is an orthomorphism of G, and we will say the transversal 
corresponds to the orthomorphism. For example, in Fig. 1, the cells marked 
out by square brackets are a transversal, and correspond to the orthomorphism 
0-1, 1-4, 2-2, 3-0, 4-6, 5-3, 6 -— 5 of the cyclic group of 
order 7. 


065413 2 1 
f1]0 65 43 2 
210) 6 5 4 3 
321 0 6 [6] 4 
4f8j/2106 5 
5 43 2 1 O [6] 
6 5 4 3 [2] 1 0 
Fic. 1 


Let @ be an orthomorphism and let g be any element of G. The mapping 
@ defined by x¢@ = — g + x¢@ for all x in G is an orthomorphism. It is 
an easy application of Theorem 2 to show that if g is any element of G, and 
if Ag is orthogonal to Ay, then A,;,) is orthogonal to Ay. This allows us to 
consider only orthomorphisms @¢ such that 0¢ = 0. Alternatively, we need 
only consider permutations of the rows of A which keep the first row fixed. 
The transversals corresponding to such orthomorphisms are precisely those 
which contain the entry 0 in the cell in the upper left hand corner of A. In 
what follows, we will assume that the orthomorphisms ¢ are of this type, 


that is, 0¢ = 0. 


THEOREM 3. If a set of orthomorphisms form a group they are mutually ortho- 
gonal. 


The proof is obvious. 


4. Transformation of orthomorphisms. In this section is discussed 
a group of mappings O(G) which map orthomorphisms of G onto orthomor- 
phisms. 

Let ¢ and y be two orthomorphisms of G. We will say that ¢ is isomorphic 
to y if they satisfy the following conditions. Let @;, ¢2, ...,, be the set of 
all orthomorphisms which are orthogonal to ¢, and Wj, Yo, ..., y, the corre- 
sponding set for y. If r = s, and we can relabel the ¥, in such a way that 
¢,; is orthogonal to ¢, if and only if ¥; is orthogonal to ¥,, we will say ¢ is 
isomorphic to ¥ and write @ => y. 

This concept of isomorphism is too loose for some purposes but is just 
right if our object is to compute a maximal set of mutually orthogonal latin 
squares. 








—— ee ge 
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The group O(G) we are about to define is a group of mappings of the set 
of all orthomorphisms onto itself in such a way that for each element \ of 
O(G) if \:¢—y, then ¢ => vy. 

For each g € G we define an element C, of O(G) where C,:¢— 4C,, oC, 
being defined by x(@C,) = — (gd) + (g + x)¢ for all x in G. It is obvious 
that @C, is an orthomorphism which is isomorphic to ¢. We will call C, a 
translation. Obviously Cy = J, C,-' = C_, and C,C, = Cys. Thus the 
elements C, of O(G) form a sub-group, the translation subgroup of O(G). 

Let a be an element of the automorphism group of G. We define B, as the 
mapping B,:¢— ¢B, = a~'ga. It is easily verified that a~'¢a is an ortho- 
morphism which is isomorphic to ¢. In the case where ¢ is also an automorphism 
the mapping B, performs an inner automorphism. Easily verified are the 
relations B,Bs = Bas, C,Ba = BaCya- 

Finally we introduce the transformation R by R:¢—¢R = ¢~". It is easily 
verified that ¢(RC,) = $(C,4-1.R) and RB, = BR. The fact that ¢ = ¢~" is 
not immediately obvious. It is mot in general true that if ¢ is orthogonal to 
y then ¢~ is orthogonal to y~'. However ¢~' is orthogonal to ¢~'y by Theorem 
2. The isomorphism between ¢ and ¢~" is established as follows. If 1, $2, ... , %, 
is the set of all orthomorphisms which are orthogonal to ¢ then ~'¢1, ~'ze, . . ., 
¢~'@, is the set of all orthomorphisms which are orthogonal to ¢~', and @~'¢, 
is orthogonal to @~'@, if and only if ¢; is orthogonal to @,. 

The group O(G) is now defined to be the group generated by all C,, B, 
and R. 

Conjugacy of sets of orthomorphisms is now defined as follows. The set 
{I, b1, 2, ..., 7} is conjugate to the set {J, $1C,, o2C,,...,4,-C,} under the 
mapping C,. It is conjugate to the set {J, $:B., $2Ba,...,6,Ba} under the 
mapping B,. With regard to the mapping R, the set {J = @o, $1, 2, ... , dr} 
has a set of conjugates provided at least one of the ¢;, 1 # 0 is orthogonal to 
the remaining set of ¢’s. If $, is orthogonal to each member of the set then 
the set {[¢;', j~'b1, j-“"b2, ..., [,...,677'6,} is conjugate to the original 
set. It is clear that any orthogonality relationship holding amongst the ortho- 
morphisms of one set also holds amongst the corresponding elements of a 
conjugate set. 

With regard to a set of orthomorphisms /, $2, ¢3,..., 4, the R multipli- 
cation table is a useful concept. It is given in Fig. 2. 


I oe o3 ri) 
I | } i oo, 3, ,@ 
Pmt és, I, $2 ¢3, ’ $2 '¢; 
¢s' | ¢3, oo, ZI, , 3 ¢, 
o,' | o,', 7 62 $7 3, I 
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Each row of the table is a conjugate of the first row provided the set J, ¢2, 
$3, ...,, consists of mutually orthogonal orthomorphisms. It can also be 
said that a necessary and sufficient condition for a set of orthomorphisms to 
be mutually orthogonal is that the entries of its R multiplication table are 
all orthomorphisms. 


5. Complete sets of orthomorphisms. If a set S of (m — 1) mutually 
orthogonal orthcmorphisms of an abelian group G of order m exists, a pro- 
jective geometry can be constructed. In this section it is shown how to 
introduce a multiplication amongst the elements of G and how to set up a 
corresponding analytic geometry. Let the elements of G be ordered 0, go, 
Z3,--+»Mny Where go, g3,...,Z, are an arbitrary ordering of the non-zero 
elements of G. We arbitrarily designate ge as a unit element and denote it 
by 1. The orthomorphism ¢ which maps 0 — 0 and g; — g@ will be written 
down as a column 

1g 
£3 
Zag 


Enh 
Note that the element 0 = 0¢ is omitted from the list. If ¢; and ¢2 are mutually 
orthogonal orthomorphisms, 1¢; ¥ le, since in that case ¢;~'¢2 would map 
0— 0, a— a where a = 1¢;. Hence ¢;~'¢2 is not an orthomorphism, a con- 
tradiction. Hence, there are at most » — 1 mutually orthogonal orthomor- 
phisms. If a full set of such orthomorphisms exist, then for each x in G there 
is a unique orthomorphism of the set which maps 1 — x. Denote this ortho- 
morphism by ¢,. Hence 1¢, = x. The identity orthomorphism is denoted 








by ¢;. Now form a table whose columns are ¢y, ¢,;, . . . ; @gn, see Table I. The 
TABLE I 
1 Dos dy Pon 
1 £3 y Ln 
g3 Labgs 
£4 Lados 
x Xhy 


2n Ln 93 £nPy Ln gn 
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table may now be considered as a multiplication table the entry in any cell 
being the product of the entry at the extreme left in its row and the entry 
in the top of its column. Thus x-y = x@, by definition. Since any two columns 
are orthogonal to each other the mapping of the ith column into the jth 
column is an orthomorphism. The relation x¢@ — xf = yd — yy implies 
x = y can also be written — yo + x@ = — yh + xy implies x = y. This 
second way of writing the relation implies that the mapping of the ith row 
of the multiplication table into the jth row is a dual orthomorphism. By a 
dual orthomorphism we mean a mapping x — xy of G onto G which satisfies 
the condition — (xf) + x = — (y¥) + y implies x = y. Of course, in the 
case of abelian groups there is no distinction between an orthomorphism and 
a dual orthomorphism. Denote by y, the dual orthomorphism obtained by 
mapping the first row into the row which starts with x. Hence x = ly,. Also 
x-y = xo, = y¥z and lx = xl = x. The condition that the mapping of any 
column into any other column is an orthomorphism is simply that the 
equation x¢@, — xo, = ud, — ud, with y ¥ z implies x = u. Hence xy — xz 
= uy — uz implies x = u or y = 2. This can be stated in the alternative 
form namely: the equation xa = c + xb has a unique solution if a # 6, and 
this is equivalent to the statement ay = by + c has a unique solution pro- 
vided a # b. Conversely, let multiplication be introduced in G in an arbitrary 
way subject only to the conditions xa = c + xb has a unique solution when- 
ever a ~ b and x0 = 0. Consider the set a0 — 00 = 0, age — dgo, ags — dg, 

. » 2g, — bg,. If these are all distinct it implies that the equation ay = by+c 
has a unique solution. If on the other hand ag; — bg; = ag, — bg, for i # j, 
then ag; = ag; + (— bg, + bg,). Hence the equation xg, = xg, + (— bg,+dg,) 
has two solutions namely x = a and x = 3, a contradiction. Thus for a finite 
group G, any introduced system of multiplication satisfying the conditions 
x0 = 0 and xa = c + xb with a # b has a unique solution also satisfies the 
condition ay = by +c has a unique solution. Also the mapping xa — xb 
where a and 6 are fixed and x ranges over G is an orthomorphism so that 
the columns of the multiplication table form a complete set of mutually 
orthogonal orthomorphisms. 

An analytic geometry can now be introduced. We assume that G has a 
unit element under multiplication and the equation xa = xb + c has a unique 
solution if a # b. For the points of the geometry we take the triplets (a, 5, 1), 
(a, 1,0), and (1, 0, 0). For the lines we take the equations x + Ay + Bz = 0, 
y + Bz = 0, z = 0. It is readily verified that the points and lines form a 
projective plane. At present the only known finite planes of this type are the 
Desarguesian plane and the Veblen—Wedderburn plane. 

We now interpret the distributive laws of multiplication. The left distributive 
law x-(y +2) = xy + xz becomes x¢,4, = xo, + x,, which says that the 
sum of two columns of the multiplication table is a third column. Alternatively 
this law may be written (y + z)¥. = y¥- + 2¥2, which shows that the mapping 
¥, is an automorphism. Hence, a left distributive law is equivalent to the 














364 D. M. JOHNSON, A. L. DULMAGE AND N. S. MENDELSOHN 


condition that the mapping of the first row into any other row is an auto- 
morphism. Similarly, the right distributive law is equivalent to the statement 
that the mapping of the first column into any other column is an automor- 
phism. 

Conjugacy takes on some interesting properties here in the case where 
G is abelian. In general, if a complete set of orthomorphisms is replaced by 
a conjugate set under the group O(G), then the multiplication table for the 
second set is left (right) distributive if and only if the same holds for the 
first set. We prove it for the case of conjugacy under C, only. Let 41, $,,, 
Pour «+ + + Po,-, DE a complete set of orthomorphisms for which the left dis- 
tributive law holds. This means that xd, + x@, = xd,,, and also that the 
mapping A(x, y):x@. — y@,., where z ranges over G, is an automorphism for 
each x, y in G. It is sufficient to show that x(¢,C,) — y(@.C,) where z ranges 
over G with x, y, g fixed is an automorphism. Now 


x(.C,) + x(,C,) 


— (gb:) + (g + x)o: — ou + (g + x)O, 
= (g + x)o. + (g + x)d. — (26: + 0, 
= (g + X)brin — 2240 


= X(G24uCy) a VY (G24uCy) 


Il 


— (gbz+u) + (g + y)bsin 


— (g:) — (gu) + (g + vibe + (g + Yu 
y(¢.C,) + V\¢, ad 


as required. For non-abelian groups, the distributive law may not be invariant 
under conjugacy. 
The results of this section are summed up as foliows: 


THEOREM 4. Let A be the group addition table of a group G. A necessary 
and sufficient condition that a complete set of orthogonal latin squares obtainable 
from A by permutation of its rows exist is that it is possible to define a multipli- 
cation in G such that Ox = x0 = 0 and such that the equation xa = c+ xb has 
a unique solution in G provided a # b. If G is abelian and the multiplication 
satisfies a left (right) distributive law, then so does the multiplication obtainable 
from a conjugate set of orthomorphisms. 


6. A machine computation algorithm. The theory of orthomorphisms 
leads very readily to an algorithm for the computation of orthogonal latin 
squares, which is easy to program on a digital computer, and which takes a 
relatively short time to compute. We quote the result without proof. Let A 
be a group addition table in computational standard form of a group G. Let 
I, $2, .. . , 6, be a set of mutually orthogonal orthomorphisms and A, A,4,, . . 


° 9 











— — 
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Ag, the corresponding squares. This set of squares except for A is transposed 
into the set A, Ay,7, Ag,7,...,Ag,7. A necessary and sufficient condition that 
a latin square exist and be orthogonal to A, A,,,..., As, is that the trans- 
posed set of squares, together with A, have a common transversal passing 
through the cell in the upper left corner. The orthomorphism ¢,,; corresponding 
to this transversal is orthogonal to all preceding orthomorphisms. Some actual 
machine results will be quoted later on, but a systematic report on machine 
computation will appear in a subsequent paper. 


7. Analysis of some cases. As applications of the previous theory some 
examples of systems of orthogonal latin squares for small m will be given. 
Throughout this section we will use the symbol {a} XK {db} K... X {r} to 
denote the direct product of cyclic groups of orders a, b,..., 7. No examples 
of orthomorphisms of non-abelian groups are given here. The dihedral groups 
of orders 8 and 12, as well as the alternating group of order 12, are of interest, 
but our analysis is not yet complete. 

For n = 3 or 5, complete systems of squares are obtained, and these corre- 
spond to automorphisms of {3} and {5}. For m = 4, the group {4} has no 
orthomorphisms while the group {2} X {2} has exactly 3, these being a 
complete set. The automorphism group of {2} X {2} is S; and the elements 
of A; are all the orthomorphisms. For n = 6, the group {6} has no ortho- 
morphisms. 

The case n = 7 is the first value of » for which orthomorphisms which 
are not automorphisms exist. There is a complete set of 6 mutually orthogonal 
orthomorphisms corresponding to the automorphism group of {7}, together 
with a set of 14 maverick orthomorphisms each of which is orthogonal only 
to itself and the identity. This set of 14 is a complete set of conjugates of 
any one of them under the group O({7}). Denoting by {aoa;...a¢} the 
orthomorphism i — a, the list is as follows, the first 6 being automorphisms: 


00123456}, {0246135}, (036251 4} 
00415263}, {0531642}, {0654321} 
00316524}, {0251643}, {036421 5} 
10462531}, {0635142}, {054136 2} 
0532614}, {0352164}, {03615 4 2} 
00536241), {0642513}, {0431625} 
0514632}, {026531 4}. 


The case m = 8. The group {8} has no orthomorphisms. The group {4} 
< {2} has no orthomorphisms which are automorphisms, but has 49 ortho- 
morphisms. These separate into 24 sets of 3 mutually orthogonal ortho- 
morphisms, the identity being included in each set. Each triplet is conjugate 
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to any other triplet under O({4} X {2}). They are listed below as pairs with 
the identity omitted. The elements of {4} X {2} will be denoted by 0, 1, 2, 3, 
0’, 1’, 2’, 3’ and {ao a; 243 a9 a;' a2’ a;'} will denote the orthomorphism 
i—a,it—-a/ 


SaFrereyt CF} ;wsaets re? iis 
4 ee oe Bee waren ts ae: 
m=eerteewteai Serine sf = wT 
ie et eS a aE wee - ee a Ot 
eFriTtrs si es ri Ts 2 Fi: 
Fa &.F Ss Si, oes 1 or T Bt: 
ted & ae of 2 C73 FIC i Mt: 
eos fi s-C Fi OoFrivs 3. 3: 
ms 2s & Bee Fi, io? 02 ’F' 1 3} 
oer it es. Zi. errs i1s Fi 
S773 3 4 7 Ki, ear zr ire 8 hi 
=wamweaene t $i, te of ee ue eo 
oS FT a CH Bi, 6277 Ft 3 Ti 
6207 1 3-1 Fi, e242 7C¢Cst Fr ti 
Ost ee 4 Fi Fi. 2 7734 Hi 
eogwTt?s v7 3 i}, Snes os FTi 
of 1: F 7B C 3. e686 7? er 2 ii 
mars as FS Bt, et Frei re 
32.F°7 Fes 83, i 3-62 F 1-2 
eos v’"3 17 0 3}, OY i 273.2 Hi 
Bee ad of ote eri 3 2 Ti 
o27.3-¢:7F 1 ¥ Zi, Oo? 13 C2 3} 
oress3Fsi Wi, eri??? 73 ri 
eet rs 4.8 Fi, OF se T4 Cs ti 


The group {2} X {2} xX {2} is the most interesting case of m = 8. No 
orthomorphisms which are not automorphisms exist. However, the auto- 
morphism group of {2} X {2} X {2} is the simple group of order 168. By 
Sylow’s theorem, there are 8 subgroups of order 7, and each of these subgroups 
consists of elements which are orthomorphisms. Hence there are 8 complete 
sets of mutually orthogonal latin squares all of which are conjugate under the 
group generated by the B,. They all correspond to the Desarguesian plane 
of order 8. 

The case » = 9. For the group {9} it is easily established that a complete 
set does not exist. An exhaustive classification can be readily carried out, and 
this leads to a totality of 226 orthomorphisms. It appears that no set of 3 
mutually orthogonal latin squares exists, but the calculation has not been 
checked. 

For the group {3} X {3} the results are extremely interesting. Represent 
the elements of this group by 0, 1, 2, 0’, 1’, 2’, 0”, 1”, 2” with addition being 
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mod 3 with respect to both the integers and the superscripts. The automor- 
phism group of {3} X {3} is of order 48. Of these automorphisms, 28 are 
orthomorphisms. These may be designated as J, a, a’, a’, a‘, a’, a®, a’, B 
B?, B?, B°, B*, B’, y, vy”, 7°, v°, v*, vy’, A, B, C, D, E, F, G, H, where 


~~?) - (: i). y=(? *¥) 
=m wos 0’ 1” 0’ + 2’ 


’ 


in Gote- Gx). «G29 

4 — 0’ — 1” ’ aed 0’ > 2 9" _ 0’ > 0” 
-fi-—0 ,_ (1 32” _ fi = 

as ~%}. g=(1- 0” r=(1-9 


1 — |)’ 1—1" 
o=()-*), a=(17! ). 


There are four groups of orthomorphic automorphisms of order 8 as follows: 
each of a, 8, y generate a cyclic group of order 8, and the even powers of 
a, 8, y are the quaternion group. It is impossible to realize by a set of ortho- 
a the other ——— groups of order eight, namely, the groups 
{2} & {2} & {2}, {4} * {2}, and the dihedral group, since it can be readily 
pee Tee that there are exactly three orthomorphisms of order 2, no two 
of which are orthogonal. The cyclic groups correspond to the Desarguesian 
plane, and the quaternion group to the Veblen—Wedderburn plane. If the 
automorphisms corresponding to the quaternion group are written as rows, 
the columns of the table are orthomorphisms which are not automorphisms. 
Applying successively the transformations C,, C2, Cy, Cy, Cx, Cor, Cyr, Cor 
to the columns of the table, one obtains 8 other complete sets of orthomorphisms. 
In the resultant tables the rows represent complete sets of automorphisms. 
The 12 complete sets of 8 mutually orthogonal orthomorphisms are as follows: 


(1) {I, a, a”, a, a, a®, a®, 7} 
(2) Boe OP, A. Fi 
(3) {AO ek kek hk 
(4) {I, a, B?, y?,a‘ = Bt = yx‘, a, 8°, 7°} 
(5) {T, a‘, a’, B", y’, a®, B®, y*} 
(6) {T, a‘, a, B, y, a®, B*, y*} 
(7) (I, 8, 8°, 6°, B, E, G, H} 
(8) {I,y, y°, v*, B, C, D, H} 
(9) err ee D, E, F} 
(10) {I, a, a*®, a’, A, C, G, Hy} 
(11) (I, 77, 7°, 7 Ene 
(12) (I, 8°, 8°, 8°, A, C, D, F} 


If the multiplication tables in cases 4 to 12 are transposed one obtains 9 
further sets of mutually orthogonal orthomorphisms. It is interesting to note 
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what the multiplication tables are in the various cases. In cases (1), (2), 
(3) the table is GF(3*). In case (4) it is the near field of order 9. In case (5) 
it is the Veblen—Wedderburn-—Hall system with equation x? = x + 1. In case 
(6) it is the Veblen—Wedderburn—Hall system with equation x? = 2x + 1 and 
in cases (7) to (12) it is the Veblen—Wedderburn system with 2 not in the 
centre. These multiplication tables were first obtained by Hall (7), from an 
entirely different viewpoint. 

The 21 sets of 8 mutually orthogonal latin squares are all that there are. 
The following R multiplication table shows that cases (5) to (12) are con- 
jugate under R. 








~ ef ana wv: w?Fds ss 
I | I aa a@w&épBp ps y¥ ’ 
af a’ I a® at pe Bt x ¥ 
a’ a’ a® I a@®t H AC G 
aé a ae a® I Dp Bb fF 
6" - ae FF fC tf HF Hr a 
B® re. 82 6 FF I-88 fs 
y' y' vy’ E iG¢ F i # 
7° es (ei Oe Cy g 





There are many orthomorphisms of {3} X {3} which are not part of a 
complete set. These will be reported in a subsequent paper. 

The cases nm = 10 and m = 11. The group {10} has no orthomorphisms, while 
the group {11} has a complete set together with several maverick orthomor- 
phisms as in the case n = 7. Calculations of these maverick orthomorphisms 
lead to a totality 3432, exclusive of the automorphisms. 

The case m = 12. The group {12} has no orthomorphisms. The group 
{6} < {2} has, besides the identity, only two other orthomorphic automor- 
phisms, and to this pair there does not exist an orthomorphism which is 
orthogonal to both. Some principles of construction will now be stated and 
criteria which enable one to determine when a set of orthogonal orthomor- 
phisms cannot be extended will be given. The results carry over completely 
for the case m = 4(2k + 1), and similar methods can be established for other n. 

The elements of the group {6} X {2} will be denoted by 0, 1, 2, 3, 4, 5, 0’, 
1’, 2’, 3’, 4’, 5’, with rules of addition a + b’ = (a + 5)’ anda’ +)’ =a+48, 
where addition is mod 6. {6} X {2} has three subgroups of order 6, namely, 


(1) 0,1,2,3,4,5 
(2) 0, 1’, 2, 3’, 4, 5’ 
(3) 0, 2’, 4, 0’, 2, 4’; 
one subgroup of order 4, namely, 0, 3, 0’, 3’; one subgroup of order 3, namely, 


0, 2, 4; and three subgroups of order 2, namely, 0, 3; 0, 0’; 0, 3’. 
The computational standard form is given by the square 
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0543 2 10 5’ 4° 3’ 2’ 1’ 
105 43 2 1’ 0’ 5’ 4’ 3’ 2’ 
2105 4 3 2’ 1' 0 5’ 4’ 3’ 
32105 4 3’ 2’ 1'0' 5’ 4’ 
e8as89 5 4’ 3’ 2’ 1’ 0’ 5’ 
5432 1 0 5’ 4’ 3’ 2’ 1’ 0’ 
0’ 5’ 4’ 3’ 2’ ’05432 1 
1’ 0 5’ 4 3’ 27210543 2 
rVve ss & 721054 3 
yz OC 8’ 4321054 
4°32’ 1'0 § 43210 5 
5’ 4’ 3’ 2’ 1’ 0° 543210 


The four blocks of the square will be denoted by I, II, III, III] according 
to the pattern 


I II 
Ill iil 


Since there is a one-one correspondence between transversals and ortho- 
morphisms, these terms will be used interchangeably throughout. Several 
properties of transversals will now be stated. 

Two transversals are said to agree in a column if the cells belonging to 
each one in the column are in the same block. Two transversals are said to 
have agreement of type [r, s] if they have r agreements in columns of blocks 
I and III and s agreements in columns of blocks II and IIII. The division 
of the syuare into four blocks is really a division with respect to the sub- 
group 0, 1, 2, 3, 4, 5. With regard to the two other subgroups of order 6 a 
similar subdivision may be effected. Also, the notion of [7, s] agreement, here 
defined, is really a concept associated with the subgroup 0, 1, 2, 3, 4, 5. We 


can define an [r,s] agreement modulo each of the remaining subgroups of 
order 6. 


PROPERTY 1. For any transversal each of the blocks 1, Il, 111, IIII contains 
three cells. (This is also true for the division of the square into blocks with respect 
to each of the other two subgroups.) 


PROPERTY 2. Jf two transversals have [r, s| agreement then r and s are both 
even. 


PROPERTY 3. If two transversals have |r, s| agreement and are orthogonal then 
r+s= 6. 


Properties 1, 2, 3 are easily established and will not be proved here. From 
Property 3, it follows that two mutually orthogonal transversals have agree- 
ment of type [6,0], [4,2], or [2,4]. (Agreement of type [0, 6] is excluded 
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since we are considering only transversals through the cell in the upper left 
corner of the square.) 


Property 4. If two transversals have |6,0| agreement modulo any one of the 
three subgroups of order 6, there does not exist a transversal mutually orthogonal 
to both. 


Proof. Denote by a and 8 the two transversals with [6,0] agreement. If 
is any transversal having [r, s] agreement with a, then y has [r, 6 — s] agree- 
ment with 6. If y is orthogonal to both a and 6 then r+s=6 and 
r+ (6 — s) = 6. Hence, r = s = 3, which contradicts Property 2. 


It follows that if a set of mutually orthogonal transversals contains at 
least 3, then every pair has either [4,2] or [2,4] agreement modulo each 
of the subgroups, of order 6. 

With the above properties alone, hand computation has yielded 5 mutually 
orthogonal latin squares of order 12. 

The above properties are essentially modulo 2 properties. It is possible to 
give modulo 3 properties but these are omitted as they did not aid in the 
computations. 

We state some computed results. As before the orthomorphism i — a,, 
i’— a, will be written {do, a1, a2, d3, 24, ds; 20, ay’, do’, a3’, ag’, as'}. The 
identity orthomorphism has been omitted from all lists. 


Examples. 

(1) The transversals 
{0 0 2’ 
{0 4’ 1’ 


or bo 
2 
ow 


are orthogonal and have [6, 0] agreement modulo the subgroup 0, 1, 2, 3, 4, 5. 


(2) The transversals 
{0 0’ 2’ 1’ : a 4 
3’ 5 


2 l 5 3 
Oo Vv 422 4; 1 3’ 3 


t 
] 
; , 
l’ 0} 
are orthogonal and have [6, 0] agreement modulo the subgroup 0, 1’, 2, 3’, 4, 5’. 
(3) The transversals 
{0 0’ 2’ 2 - S 6S 
io 845 1 2; Ys ¢ 


are orthogonal and have [6, 0] agreement modulo the subgroup 0, 2’, 4, 0’, 2, 4’. 


(4) The four transversals 


(0 0 2’2 11 3° 5 4 45 38} 
03 01 35’; 22°54 1' 4'} 
(0 21 5'5 3’; 3 4/2 1'0' 4} 
0 4 5°42 1’; 2’ 0’ 3'1 3 5} 


ee | 








v 
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are mutually orthogonal and together with the identity yield 5 mutually 
orthogonal latin squares of order 12. 

The algorithm given in § 6 has been programmed by Parker and van Duren 
for the UNIVAC M-460. Many sets of 5 mutually orthogonal latin squares 
exist but no set of six. There exist transversals with as many as 48 transversals 
orthogonal to them. An example of one such transversal is {0 4’ 42’ 20’; 

’53’31'1}. There also exist configurations consisting of four sets of 5 
mutually orthogonal latin squares with three of the squares common to all 
four sets. Apart from the identity there are exactly 16,512 orthomorphisms 
and apart from isomorphism there are exactly four sets of 5 mutually ortho- 
gonal latin squares. 

A detailed analysis of the non-isomorphic cases will appear in a subsequent 
paper. 


8. Concluding remarks. The problem of finding a complete set of 
squares for m not a prime power is still open. However, even in the case where 
n is a prime power there is a possibility of discovering planes of a new type. If 
Veblen—Wedderburn planes were the only type obtainable from orthomorphisms 
of a group, this would imply that a finite system which was a group under 
addition, and which had a multiplication for which the equation ax = bx + c 
had a unique solution if a # b, would of necessity satisfy at least one dis- 
tributive law. This does not seem likely. In the infinite case, there are planes 
not of the Veblen—Wedderburn type which belong to such a system. An 
example is given in Pickert (14). 

For n = 4p, with p an odd prime it is conjectured that using orthomorphisms 
at least 26 — 1 mutually orthogonal latin squares can be constructed. A 
complete set is not ruled out. It may be noted that for m = 4), a pair of squares 
with [2,0] agreement does not have a third square orthogonal to it. For 
n = 8p, no such criterion exists. Perhaps the search for a complete set of 
squares should be sought in these values of m. The smallest is m = 24 and 
this is just on the verge of impracticality for machine computation. 

What appears to be the biggest lack is a positive construction for ortho- 
morphisms which are not automorphisms. Bruck (4) has shown that using 
automorphisms only the MacNeish estimate cannot be exceeded. Our present 
results enable a rapid calculation of orthomorphisms by giving a number of 
criteria which enable us to reject cases early in the computation. For large n, 
these criteria are not enough and the calculation is impractical. 
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PARTITION RINGS OF CYCLIC GROUPS OF 
ODD PRIME POWER ORDER! 


K. I. APPEL 


A ring R over a commutative ring K, that has a basis of elements g;, ge, ... , g, 
forming a group G under multiplication, is called a group ring of G over K. 
Since all group rings of a given G over a given K are isomorphic, we may 
speak of the group ring KG of G over K. 

Let x be any partition of G into non-empty sets G,, Gz, 
P of KG that has a basis of elements 


Pa kad Any subring 


A= D>) mg,...,m, ¥ 0inK, 


g¢Ga 
is a partition ring of G over K. 
If P is a partition ring of G over Z, the ring of integers, then the basis 


A, B,... for P clearly serves as a basis for a partition ring P’ = Q @ P of 
G over Q, the field of rationals. If, in addition, for each A, B,... the coeffi- 
cients m,, all g © G4, have no common factor, we shall call A, B,... a reduced 


integral basis for P’. 


LEMMA. Every partition ring P over the rationals has a reduced integral basis. 
By hypothesis, the ring P has a basis of elements 


A= > (u,/v,)g 


9G 
where u,, v, are non-zero integers. We can write A = (u,4/v,4)=m,g where 
the m, ~ 0 are integers without any common factor. Then the A’ = Umyg 


forms a basis for P, and it remains to show that in the multiplication table, 


A'‘A, = >> by Al, 
the rationals 5,;* are in fact all integers. Fix i, 7, and k, and consider g € G he 
Since all coefficients on the left are clearly integers, the same is true on the 
right, and 5,,;‘m, is an integer for each g € G,,. Since the m, have no common 
factor, this requires that 6,,* be an integer. 

Henceforth, by partition ring we mean integral partition ring over the 
rationals, and by basis, we mean reduced integral basis, We will also adopt 
the convention that basis elements be chosen such that for each G, at least 
one m, is positive. 
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Let G be a finite abelian group. For each integer y prime to the order of G, 
define (y) to be the map g — g” for each g in G. Then (y) is an automorphism 
of G, and we will call the automorphisms of this type the power automorphisms 
of G. 


THEOREM 1. Let G be a finite abelian group, and y an integer prime to the 
order n of G. Let A be a basis element of a partition ring P of G. Then there 
exists an element B, of the same basis, such that 

A = >) mg’ = + B. 
o¢Ga 

Proof. First, we show that G,™ = {g"|g € G,} is a union of partition classes 
under the partition induced by P. Assume not. Then there exists a basis 
element D = ago” + bg: +... where go € Gu, g: * g” for any g in Gy. (Here 
we use ... in a special sense meaning that @ and 6 are the full coefficients 
of go” and g, respectively, that is, the elements occurring in the remaining 
terms of the sum are distinct from go” and g;. In similar contexts the same 
convention is employed.) 


Now we employ the theorem of Dirichlet that if 7 and & are relatively 
prime there exist infinitely many primes congruent to 7 modulo k. Since 
(y, 2) = 1, by Dirichlet’s theorem, we may choose g= y (mod m) such that 
q > |m,|, all g © G4, q@ > |6|, g prime. But, modulo g, 

At zA® =A = > mg’. 
gtGA 
Since (y) is an automorphism of G, g; # ge implies g:” ¥ g2”. 

A‘ must be a sum of basis elements of P. Therefore A* = ugo’ +..., 
At=kD+... = kage’ + kbg, + .... However, g; # g” for any g in G4 so 
q\kb, and since g > ||, g\k. But 

ka = m,, (mod gq) 
and 


|m,| <q, m,, #0 so qf ka, 


which is a contradiction. 
Next, we show that G,™ is a partition set of the partition induced by P. 


Suppose not. Let G4™ =G,UG-U.... Let yz=1(modn). Then 

G, C G4” = Gx. Since by the above, gz” is a union of partition classes 

while G, is a single partition class this implies that Gg“? = G,andG,™ = Gz. 
Write 


B= > nog” 


gtGA 


for the basis element corresponding to the partition class G,™. If q¢ is a 
prime with g= y (mod n), 


A‘ = ( a mg)" = >> mz,g" (mod q). 


gtGs4 gtGA 
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It follows that B appears in the product A‘ with non-zero coefficient, say 


At=X(q@)B+...= >> rXA(q)ng’ +... 
gtGA 

ior some integer \(q) # 0 (mod gq). If G4 has only a single element go, then 
m, = +1, n, = +1, and the conclusion follows. Otherwise, let g,h € Gy, 
g # h. From the above we have \(q)n,= m, (mod g), \(q)m, = m,(mod q) 
whence mn, = m,n,(mod q). This holds for infinitely many primes g= y 
(mod m), whence m,n, = m,n), and there exists \ such that m, = dn, for all 
g € G4. Let X = r/s, (r,s) = 1 and suppose |s| # 1. Then some prime ¢ 
divides s, and therefore ¢ divides each n,, contrary to the fact that the greatest 
common divisor of the m, = 1. Hence |s| = 1. Now each my, is divisible by r, 
so |r| = 1, and hence A = + 1. 

If G is cyclic, every automorphism is a power automorphism. We assume 
henceforth that G is a cyclic group of odd prime power order p*. Then its 
automorphism group is cyclic and contains an automorphism mapping g 
into g*. 

Let 


s(a) = G” = {g” |g € G}. 
The lattice of subgroups of G is a chain of characteristic subgroups: 
G = Z(0) D Z(1) D... DZ(e— 1) D Ze) = 1. 


Define C(a) to be the set difference Z(a) — Z(a +1) for e>a, and 
C(e) = Z(e) = 1. We could alternatively define C(a) as the set of g‘ such that 
g is a generator of G and ¢= 0 (mod p*), and ¢# 0 (mod p**'). We refer to 
the C(a) as the /evels of G. 

Since the Z(a) are characteristic subgroups of G, each Z(a) and conse- 
quently each C(a) is fixed under every automorphism of G. 

If we define G,(a) as the intersection of G4 and C(a), then by Theorem 1, 
if g: and gs are elements of G,(qa) it follows that m, = + m,,, for we can 
find an automorphism (y) which maps g; into go. 

Let Y be the group of automorphisms of G. If A is a basis element of P, 
let Y, be the subgroup of Y which leaves G, fixed, that is 


Ye ={(y) € YA = + JA}. 

We define the spectrum of the set G4 of the partition induced by P as 
Sp(G4) = {a\G,(a) # 0}. Thus, the spectrum of a set is the collection of 
integers corresponding to levels intersected by the set. We define two basis 
elements B and D to be conjugate if B = D™ for (w) € Y. 

If two basis elements are conjugate, their induced partition sets have the 
same spectra. Also, if two partition sets have intersecting spectra, there is 
an automorphism (y) of G mapping an element of one into an element of 
the other, and hence mapping the sets into each other. Thus, we can state: 


LemMa 1.1. Jf the spectra of G4 and Gz» intersect, then Sp(G4) = Sp(Gz). 











376 K. I. APPEL 


Now we will prove a corollary to Theorem 1. 


COROLLARY. Let G be a cyclic group of odd prime power order, and let P be 
a partition ring of G. There exists a basis for P such that if A is an element of 
this basis so is A™ for any y prime to the order of G. 


Consider any basis for P. Choose A;,..., A, a maximal set of elements 
of this basis such that no A, is conjugate to + A, for i # j. Let B be the 
set of all distinct A, for (y) Y. Clearly, if no A“ =:-— A, for (w), 
(z) € Y, then Bisa basis for P. Suppose that A“ = — A, for (w), (z) y. 
Then 

Aor” = — A, 


We will now show that this is impossible. 
First, we introduce the following notation. If W is any expression of the 


form 
DL meg 


g¢Gw 


where Gy is a subset of the elements of G and the m, are integers, we define 


|W| as 
d) m,. 


o<Gw 
If K is a set of elements, we let |K| be the cardinal of the set. For 0 < z < e, 


we define 


W(a) = > (mog). 


oeGwncla 
Let basis element 


A= be Mog. 


gtGa 


By Theorem 1, there exist integers m,, and integers a, = + 1 such that 


A= > m Gog. 


aeSp(G,) g¢Ga(a) 
Assume A™ = — A, (u) € Yq. First, we note that (uw) and hence Y, have 
even order, and second that for g € G4, precisely half of the a, are — 1. 


Let 5 be the smallest integer in the spectrum of G4. We may write A = D+E 
where D is a linear combination of elements of C(d) while E is a linear com- 
bination of elements of Z(6 + 1). We note that |D| = |E| = 0. 

Since A*(6) is a linear combination of conjugates of D, |A*(6)| = 0. Thus 


|(D + E)*(6)| = |D*(6)| + 2(|(DE) (6)|) + |E*(d)| = 0. 





Since Z(6 + 1) is a group, E?(6) = 0. Since no element of C(d) is an element 
of Z(6 + 1), every product gh for g € C(b), kh € Z(b + 1), is an element of 
C(b) and DE(b) = DE, so |(DE)(6)| = |DE| = 0. Thus |D*(6)| must equal 


sf 
1 
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zero. By computation, we will obtain a contradiction to this statement and 
hence show that A™ = — A is impossible. 
We have 
D = A(b) =m > ag. 
geGaid) 

Since Y, acts transitively on G,(6), all the subgroups U, leaving fixed an 
element g € G,4(b) have the same order u, and, for chosen g, each g’ € G,(8) 
appears as g” for exactly u elements (y) € Y,4. For each (y) € Y4, AM = B,A 
where 6, = + 1. For (y) € U,, any g, comparison of the coefficients of g in 
A and A™ shows that 6, = + 1. Thus the 8, are equal for all those (y) 
carrying g into a given g’ = g”, and comparison of coefficients again shows 
that a,’ = B,a,. It follows that the term a,g’ occurs exactly u times in the 
sum 


> Bye”. 


(y)«¥a 


Hence, for any g © G4(6), we have 
m 
D=— pm Byerog”. 


Now we may write 


D* = (ms pm a4) D 
geG ald) 
m { 
=m > on = Bye | 
g¢Gald) U (y)e¥ 


== > DZ Ba’ 


u“ oeGald) (y)«¥a 


m, ' 

= — > a,( : g” ) ‘ 
U (y)e¥a 9¢G (0) 

For g © C(b), we have g’*' € C(d) if and only if y + 1# 0 (mod p), and 

thus 


|\D*(b)| = = |Ga(0)| DL’ By 


with summation over all (y) € Y,4 such that y# — 1 (mod p). To obtain a 
contradiction it will suffice to show that this sum is not zero. 

The kernel of the natural map from the group Y, of order p*-'(p — 1), onto 
the multiplicative group, of order p — 1, of residues modulo p, has odd order 
p*'. Hence the intersection of this kernel with Y, has odd order p* dividing 
p*". Since Y, has even order, it contains elements mapping into — 1, and 
hence exactly p* of them. But 2’8,, as a sum of an odd number | Y,| — p” 
of terms 8, = + 1, cannot vanish. 
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We define the spectrum S(B) of an element B of P as the sum of its distinct 
conjugates. We let C(a) be the sum of the elements of C(a) and let Z(a) be 
the sum of the elements of Z(a). We note that, since each Z(a) is a group, 
for 6 >a, Z(a)Z(b) = (|Z(b)|)Z(a), and since C(a) = Z(a) — Z(a + 1) 
(where we define Z(y) empty for y > e), 

C(a)C(b) = (Z(a) — Z(a + 1))(Z(6) — Z(6 + 1)). 
If b > a, this is (|C(d)|)C(a), while 


C(a)? = (|Z (a)| - \(Z(a oo tr — (Z(a) ans Zia + 1))(\Z(a + 1)|) : 
= (\C(a) \Z(a) — (\Z(a + 1)))C(@). 


Thus, if S is an element of the form 


é 


. m,C (x) 


then sia 
s=> (miC(x)* + 20 mm,C(x)C y)) 
70 a 
= Zi, mi(CG))) 2) — mi\Ze + NNEC) +2 Lm m,(\C(y)|)C(x) 
= > h,C (x) 
where 


(1) h, = >> m;(\C(y))|) — mo Cy) [+2 mm,( (JE (y)}) 


y=" y=r+ y=r+1 


An immediate result of this Pan en is the following lemma. 


LemMMA 1.2. Jf 


then 
S = = h,C (x) 
where, if m, = 0, then 
h, = > m,(\C(y)|) 
— 
LemMA 1.3. If A is a basis element of P, then S,(G4) = {x|la < x < d} for 


some d >a 


Suppose not. Then there exists a smallest a such that there exists G, with 
a € Sp(G,) and such that there exist d and ¢ such that d>c>a with 





PARTITION RINGS OF CYCLIC GROUPS 379 


d € Sp(G,) and c¢ Sp(G,). Then ¢ € Sp(Gz,) for some basis element B, and 
by minimality of a, the minimal element of Sp(G,z,) is greater than a. But, by 
previous calculations, if 


S(B) > > m,C;, 


(S(B))* = > h,C (x) 
r=0 
where hf, is given by (1). Thus, since a is less than the minimal integer of 
Sp(Ga), te = 0. However, by Lemma 1.2, 


d—1 
he = > miC(y)| > 0 
y=0 
since m,.* > 0. Hence the partition set of (S(B))* contains part but not all 
of the partition set of A, which contradicts the assumption that A is a basis 
element. 
We have shown that the spectrum of a basis element is a set of consecutive 
integers. Now we will examine coefficients of the levels of the basis elements. 
First, we note that if S = S(A), S? and S have intersecting partition sets. 
For if 6 is the maximal integer in Sp(G,), 


S= > C(x), 


r=0 
h, given by (1), and m, = 0 unless a € Sp(G,). Thus 


hy = D2 mi\C(a)| + mi[C(o)| — |Z(6 + 1)|). 
aeSpG, 


If e=b, hy >O since Z(6 +1) = 0, otherwise |Z(6)| = p/Z(b + 1)| and 


C(b) = Z(b) — Z(b + 1), and hence 
hy = >> ma\C(a)| + mi(p — 2)|Z(6 + 1)| > 0. 


a<b 
aeSpGa 


If Sp(G4) = a, a+1,...d,d >a we may write 
d+1 


S(A)=S= ) 8 n,Z(x) 


where n, = m, — m,_;, m, = 0 for x <a or x > d, but since for x < y, 


Z(x)Z(y) = (\Z(y)|)Z(x) = p**Z(x), 


a d+1 
+2 ~ © D 72 2 e-d—-1 F 
S=}> (n.p" 7=4+2>° np" *) n,Z(x) + nasi p Z(d + 1). 
r=a w=r+1 
Since the spectra of S and S? intersect, S? = kS + ..., where & is a non- 
zero integer. So for x = a, a+1,...,d, 


d+1 
kn, = (np +2 , Neb °) Ns. 


w=r+1 
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But we know that m, = m, is not equal to 0. If all the n,, a < x < d are 
zero, then the m, are all equal and thus all m, = 1. Suppose that not all m, 
are equal. Let H = {hla ch < d,m, #0}. 

Let u and v, u < v be two consecutive members of H. Then 


d+1 
(mp + 2 > np**) Nu, 


w=—u+l 


d+1 
kn, = (np +2 _ np**) Ny. 


w=0+1 


kn, 


Since u and v are consecutive in H, n, + 0, n, # 0 but m, = 0 for u < k < v, 
and hence solving the above equations, we obtain n, = — p*“n,. Now 
n, = mM, — Mm, since m,_,; = m,. But m, #0 since a € Sp(G,), so that if 
there exists an integer larger than a in H we set u = a and let v be the next 
smallest integer in H. Then m, = m,(1 — p**). 
Therefore, the sign of m, is the negative of that of m, and we can state: 
LeMMA 1.4. Jf 


S(A) = > m,C (x) 


zeSp( Ga) 
and each m, is positive, then all m, = 1. 

A basis element such that each m, is positive will be called a positive basis 
element. If A is not a positive basis element, the above equations show that 
H = {a, hy, ho, ..., he} 

where a < hy <...< hk, k > O, and 
(2) S = nZ(a) + my,Z (hi) + M,Z (he) +... + mnZ (he) 
where 
hi- 
mn; = (—1)*(p"™)n, 
for 7 = 1,2,...,2&. 
A basis element with spectrum S as defined by (2) is called an alternating 
basis element. 


LemMMA 1.5. If A is an alternating basis element then 


d+1 
S(A) = >> n,Z(x), mo = +1, 


and if 0 < hh, <... < hy are the elements of Sp(G.) with n, ¥ 0, then 
Np; = (-— l )(p” )No. 


We must show that mm) + 0. Suppose mp = 0. There exists a basis element 
B # A, such that Gz, intersects C(0), and therefore 


S(BY = > mC(t)+... 


te8p(Ga) 





re 


31s 
at 


ng 
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where each m, > 0 by Lemma 1.2. Then S(B)? = kA +..., and the co- 
efficients in A must have the same sign as k, so A must be a positive element. 
This shows that mp # 0 and thus a = 0 in (2) and mp» divides all the n,. Thus 
since the greatest common divisor of the m, is 1 for g in the partition set 
corresponding to basis element A, mp must be + 1 or — 1. We will always 
choose mo = 1 for an alternating element of the canonical basis of its par- 
tition ring. 

We now show that if A is a basis element then A # S(A) implies G, C C(a) 
for some a. 


LEMMA 2.1. Let A be a basis element of a partition ring P of a group G of 
odd prime power order p*. Let Y be the automorphism group of G, and Y, the 
subgroup of Y leaving A fixed. If [Y: Y 4] is not a power of p, there exists (z) € Y 
such that G4(a) . G4 (a) © C(a) for all a. 


Let (y) be a generator of Y, g a generator of G, and let a be an integer. 
[Y: Y,] = p*b where b|p — 1 since Y has order p*'(p — 1) and 6 #1 by 
hypothesis. Both Y and Yj, are cyclic so Y, is generated by y4 = y”"’. 

If G4(a) is empty, the result is trivial for any (z) € Y. 

If G,(a) is non-empty, G,4(a) contains g”™* for some (v) € Y. Then, for 
all (z) € Y, 

e"" € GPa), 


and G,(a) and G, (a) are closed under Y,. Therefore the existence of a 
z # 0 (mod p) such that G,(a) . G4 (a) € C(a) is equivalent to the existence 
of a z such that for all m,n, p { (vy4" + vzy,"), hence is equivalent to the 
existence of a z such that for all r, p { (y4" + 2) or y4" # — z (mod p). This 
condition is clearly independent of a. 


But 
* ie 
ys = yy’ ' =y (mod p) 
and y is primitive of order p — 1(mod p) while y, is of order (p — 1)/d 
(mod p) and hence has order less than » — 1. Thus we may choose — z 


from the residues which do not appear as powers of y4. 
Next, we mention a well-known lemma. 
LEMMA 2.2. 
If a” = 0b" (mod p) 
for some i > 0, p a prime, then 
n n 1 
a” = b” (mod p”*’) 
for all non-negative integers n. (See 2, Theorem 4.5, vol. 1.) 
LemMMA 2.3. Under the hypotheses of Lemma 2.1, if 


[Y:Y,4] = p,, s > 0, then G,(a)?(\ Cla +1) = 0 
for all a. 
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Let g? be an element of G,(a). Then an element of G,(a)? would be of 
the form 


g” (u) (ya + y2). 
If this element is contained in C(a + 1), p||(y4"' + y4™) (where we use 
p*||u to mean that p* is the highest power of p dividing x). 
Let plys"! + yu". Then y,"'= — y,"* (mod p). But 


yw=y 
(where y generates Y) so 


yr" = —y"™ (mod p). 


Now Lemma 2.2 shows that 


y™ = —y’"™ (mod p*") 


and since s > 0, p*|(y4"' + y4"*), which means that the element does not 


lie in C(a + 1). 


LeMMA 2.4. If A is a basis element of a partition ring of a cyclic group G of 
odd prime power order and G4 meets more than one level of G, then G4 is a union 
of levels. 


To show this, we need only show that Y, = Y. Suppose Y, # Y; since by 
Lemma 3.1 the spectrum of A is consecutive and G, meets more than one 
level, there exists a such that G,(a) # 0, G4(a + 1) # O. Let [Y: Yu] = pb, 
(b,p) = 1. First, assume 6 #1. Choose z by Lemma 2.1 such that 
G4(h)G,@(h) € C(h) for all 4. Let B = A™., 


(AB)(a) = A(a)B(a) + A(a)[B(a + 1) +...+ Ba] + 
B(a){[A(a +1) +...+A(d)]. 


But since |A(h)| = |B(h)|, by Theorem 1, 


JAB(a)| = |A(a)| + 2[/|A@+1)|+...+ |A@]] 
\A (a) 
while similarly 
|AB(a + 1)| _ » 9 
Ala +1) A(a + 1)| + 2[|A(@+ 2)| +...4+ |A@]]. 


We chose z so that G,(a) Gg(a) C Cla), thus the spectra of AB and A 
intersect, and hence 


AB = > k,A™ 


with distinct values of kw, and the sum of the coefficients in AB of the ele- 
ments in a given level is in a fixed proportion to those in A. Thus the left 
sides of the two equations above must be equal and, by subtracting, we 
obtain |A(a)| + |A(a + 1)| = 0. But, by Theorem 1, 


; 





‘ve 


oe ™~ 


c 
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G,(a)| ns |C(a)| a 
Gaat+)h| |ce+)| ? 


(wkere for any set S we shall write |.S| = |8|) and since |A(a)| ¥ 0, we have 
Maiti = — pm. 

We have shown, however, that if A is a positive element m,,; = m,, and 
if A is an alternating element m,,, = — (p — 1)m,, so we have obtained a 
contradiction. 

By the above reasoning 6 = 1, whence the hypothesis that Y, # Y implies 
that s > 0. Now, by Lemma 2.3, for all 4, G4(h)? C\\ C(h + 1) = O. 

Let g € G,(h). Then, an element of G,(h)? is of the form gta) and this is 
an element of C(h) unless p|1 + y,"*, that is, unless y,* = — 1 modulo p. 

Let W be the set of elements of Y,4 which are congruent to — 1 modulo p. 
W is non-empty since Y, is of even order (divisible by p — 1) and hence is 
equal in order to the subgroup of Y, of elements congruent to 1 modulo p. 
But this is a subgroup of index p — 1 in Y,, and hence 





pe Se 
WI = oy Fal) 
Thus 
: b— 3. as 
Gi(h)  C(h)| = = | Gah)’. 
So 
A*( —2 
Ta) pa HAG + Ml@+H/+...+4@) 
while 
2 ae 
oH = F—ll4@ + il + 2l4@+2)|+...+ A@II 
and 
a 2 
— A(a) tins A(a+1)|=0 or mas = —(p — 2)m, 


which also contradicts previous lemmas. Thus the lemma is proved. 
Thus we have proved: 


THEOREM 2. Let A be a basis element of a partition ring of a cyclic group of 
odd prime power order. If Y4 # Y, then G4 C C(a) for some a, and all m, 
are 1. If V4 = Y then Gx is a union of consecutive levels. If all m, are positive, 
then all m, are 1. If not all m, are positive, then C(O) C G4 and A 1s an alter- 
nating basis element. 


Next, we examine some relations between sets which intersect consecutive 
levels. 
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Let G be a cyclic group of odd prime power order p* and let Y be the auto- 
morphism group of G. A non-empty subset J of G is called a basic set if it 
is the set of all images of an element g of G under a subgroup of Y. The largest 
subgroup Z of Y such that J = {g*\y € Z} is called the automorphism group 
of J. 

We will now state three lemmas concerning basic sets and the sums of 
their elements. Let G, be a basic set contained in C(a), 0 < a < e — 1 and 
let Y,4 be the automorphism group of G4. Let [Y: Y4] = p*b where s > 0 
and b|p — 1. 


LEMMA 3.1. G4 is a union of d = (p — 1)/b cosets of G”* modulo G*****’. 


Let H be a coset contained in G,. We define H™! to be the coset containing 
the pth powers of the elements of H. Let A be the sum of all elements of G, 
and A®! the sum of all elements of the cosets H™! for cosets H C G,. 


LEMMA 3.2. 
A® = \G”****|?-* 4 (mod p|G”***" P). 


Let Gz, be a basic subset contained in 


U H”’ 
HOGA 
and Y, be the automorphism group of G,. Let B be the sum of all elements 


of Gp. 


LemMMA 3.3. AB is a sum of conjugates, under Y, of A if and only if Gg (\ H®! 
~ 0 for each coset HC Gy. 


Proof of Lemma 3.1. If (y) is a generator of Y, then (Y,4) = (y**) is a 
generator for Y,. As a generator of Y, (y) is transitive on all levels of G 
and hence on C(a). The order of C(a) is p**-'(p — 1), and thus this is the 
order of (y) on C(a). Let 


(yo 


(z) = (y4)* = ). 


Then (z) has order 
e—a—8-1 — pe-@-1(p — }) *(p — 1) 
p p p P'\t o 


on C(a). By Lemma 2.2, z= 1 (mod p**'), and hence, for any h = g** in 
G”, h® = h (mod G”****"). Since the order of (z) on C(a) is equal to the 
number of elements in a coset modulo G?***** and (z) maps each coset into 
itself, (z) is transitive on each coset contained in C(a). It follows that G, is 
a union of cosets. 


If h = g”* € Ga, then 


h?"4 = h” (mod G”*****) 


bys = p (mod p***) 


= 
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and since s > 0, y4‘= 1 (mod p). But 


y. = yy” = y’ (mod p), 
whence d|i. Thus, for k € G, the elements 
— h, WY, . 2: Wee" 
| lie in distinct cosets, say Ho, H,,..., Hag-1, and further, the cosets 
y..., Ae, 
are distinct. This proves that G4 = HphU H,U...U Ay, a union of d 
' cosets. 
| Proof of Lemma 3.2. Let 
S; = pa g, si?! = 
oth; oH; (p) 
whence 
) d-1 a-1 
A= > s. 4! -_ } a si?! 
i=mO i= 
Now 
5 F p k he 
A’ = S = ona... Fa. 
p> : p> ko, eee Ra-1 ° ~- 
and 
} k ; a+e+ iD— 
S..Bf9 PTs 
for S the sum of the elements of some coset H. Hence, 
modulo p|G”****|?—", 
d—1 d—1 . 
| A= S?= a |p ¢ bl ~— aarres DP 14%) 
de, SP hae Ps = Ie 


Proof of Lemma 3.3. For 1 =0,1,...,d—1, let |G, H,™!| = m,. If 
m,,m, #0, there is an automorphism in Y, mapping G,(\H,"! onto 
Gz, (\ H,;™!, whence m, = m;. Thus, if some non-zero m, = m, each m, = 0 
or m, for 7 = 0,1,...,d—1. 

For h © Ho, H; H;”! contains 


yvatrva = puaitevs, v 
hence 
{ (1+py4.~*) 
H, Hy) = Ht”, 
) a conjugate of H,;. Moreover, the 


(1+py%) 
Hwa 
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for 0 < i,k < d — 1 are distinct, for 
puncte) = pv l+wa) (mod or) 


implies 


ya(l + py) = ya(1 + py’) (mod p**’), 
hence, since 


x’ 


P ’ k 
s+1>2, Va = Va and y4 = V4 


modulo p, and thus i = 7’, k = k’. 
Thus 


d-1 d—1 d—1 d—1 
AB= > SD ( Xe ) =2 & wSrs”, 


i=—0 j=0 \geH;!?)/Nep 


where m, = |H;”! (\ G3|. Since 


k 
(l+py4) _ (1+py) 
A = S; , 
t 


AB is a sum of such conjugates if and only if all m, = m # 0, that is, since 
Gp, ~ 0, if Gz meets each H,"!. 
A result of these lemmas is the following theorem. 


THEOREM 3. Let G be a cyclic group of odd prime power order p*. Let A bea 
basis element of a partition ring P of G such that the number of distinct conjugates 
of A ts greater than or equal to p. Then G4 is entirely contained in some level C(a) 
of G, and, if Gg is a partition set intersecting C(a + 1), Gg is contained in 
C(a + 1) and |G,4| = p'|Ga| for t an integer greater than or equal to zero. 


Proof of Theorem 3. That A has more than p — 1 conjugates implies that 
the index [Y: Y,] of the automorphism group of A is greater than p, hence 
[Y: Y,] = p*b forsome s > 0 and d|p — 1. By Theorem 2, G, C C(a) for 
some a, and since C(e — 1) has only p — 1 elements, 0 < a < e — 1. Writing 
G, = H,U...W Hz, in accordance with Lemma 3.1 we note that, using 
Lemma 3.2, we can show that A®! is a linear combination of basis elements 
by an argument identical with that used in the first part of the proof of 
Theorem 1. But the partition set of A™! is contained in C(a + 1), and hence 
C(a + 1) isa sum of partition sets of basis elements. Since all basis elements 
contained in a level are conjugate, and 


[p) [p] 

Ho U...U He: 
is a union of partition sets of basis elements, we may assume Gz, is a set of 
this union. By Lemma 3.3, since Gz, is a basic subset of G, |Gs,| = md where 


m| (|#7,1|). Since |H,”!| = p**-*" and |G,4| = p**-*""'d, |G4| = p'|Ga| for 
some ¢t > 0. 


——— 
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We now show that the necessary conditions for a set = of elements 
ie >> mf 
gtGa 

of the group ring of a cyclic group G of odd prime power order p*, where the 
G4 constitute a partition of G to be a canonical basis for a reduced integral 
partition ring of the group, as stated in Theorems 1, 2, and 3, are also suffi- 
cient. These conditions are as follows. 

The partition consists of sets of two sorts: 


(i) Ga = Ca) UC@+1)U...UC@ =G" -G"" d>a; 

(ii) Gs, C Cla) = G” - yr. 

The sets of type (ii) are subject to the two conditions: 

(iii) G4 © C(a) implies that G,™ € x for all (y) € Y; 

(iv) If C(a@) is a union of k sets G, of x and k > p; 
then C(a + 1) isa union of sets Gz of x, and |G,| = p'|G,| for ta non-negative 
integer. 

(v) The elements of = are of two sorts: 

A=) 4, 
o¢Ga 

(we will call such an element positive) ; 

(b) Possibly, for a single 


G,=CO)UCI)U...UC@,d>0, 


A is an alternating element as defined earlier. The sufficiency of these con- 
ditions is asserted by the following theorem. 


THEOREM 4. Let G be a cyclic group of odd prime power order p*. If x is a 
partition of G and = a set of elements of G such that x and = satisfy conditions 
(i)—(v) above, then = is a canonical basis for a partition ring of G. 


We need only show that if A and B are elements of the given set, 2, then 
AB is a sum of elements of =. We may assume that the least element of the 
spectrum of G, is less than or equal to the least element of the spectrum 
of Gz. Let Y, be the automorphism group of G,. 


Case |. Let Y = Y, and let Sp(G,) = {a,...,d}, d > a. Suppose B = A. 
Then A? = kA + nZ(d + 1) for some k and n, and Z(d + 1) is clearly a 
sum of elements of = such that all m, = 1. If B # A then Gz C Z(d + 1) 
and BA = |B\A. 

We have considered the case in which Y4 = Y. Now we may assume that 
Y, is a proper subgroup of Y, and thus G4 C C(a) for some a. 


Case II. Let 1 < [¥: Y4] < p. We consider two subcases: 


Subcase 11.1. Let Gg not intersect C(a). Then since, by the construction 
employed in the proof of Lemma 3.1. G, is a union of cosets of 
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G” modulo G”**", 
Gs C G***' and hence AB = |BIA. 


Subcase 11.2. Let Gg intersect C(a). By (iii) B = A™ for some (v) € Y. 
G, must be a union of cosets modulo G”**" since [Y: Y4] < p. If G4 = Mo 
UH,U...U Hz: then 


Gp = Hy” UAi" VU... US. 


Let 
Si -_ > g. 
ge; 
Then 
> > = j~4) 
AB=AA= FSD SP = |S) DY sitee® 
i=0 j=d i—0 jun 
4-1 4-1 ; 
=|SJ 20 do sitn’. 
k=0 t=O 
If vy,4* = — 1 (mod p) then S“+4 is the sum of the elements of the unit 


coset G?**' and hence a sum of elements of 2. If vy,*# — 1 (mod p) then 
d—1 
> silts) 
t=—0 ; 

is a conjugate of A. Thus AB is a sum of elements of 2. 


Case III. The index [Y: Y4] > p. Then [Y: Y,] = p*b where s > 0 and 
blp — 1. Let d = (p — 1)/b. By Lemma 3.1, G, is a sum of cosets of 


G” modulo G”***". 
We will retain the convention that G4, = Hy) U H,U...U Hy-1, where 
7 =H 
0 = {- 


We define H'" to be the coset containing the ¢ powers of the elements 
of H and S'" to be the sum of the elements of H'". Let h € Hy and let H, 
and H, be distinct cosets contained in G,. If H;'" and H,' “ are not distinct 
then 


h4 and h™4 


are elements of the same coset and ty,‘ = ty,’ (mod p*t'). This implies that 
p**'|t, for otherwise we obtain y,4‘= y,4/ (mod p) contradicting the assump- 
tion of distinctness of cosets. We can now define A'* as 


da—1 


y Ss" 


i=0 


ar 


Ww 


of 
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and note that if = 0 (p**'), 
Al = d( 


t) 
geqpere+t 
while otherwise A'" is a sum of distinct coset sums. 


We will now prove two lemmas, under the assumptions of Case III. 


LemMA 4.1. For 0 < k < s, C(a + k) is a union of at least p sets of x, each 
of which meets precisely d cosets of G?* modulo G”****' and these cosets are con- 
jugate under Y,. 


Lemma 4.2. The sum of A'" is a sum of elements of >. 


Proof. of Lemma 4.1. We know that |C(a)| = p**-'(p — 1) and 
= seen d. 


By (iv), if G4, is a set of e contained in C(a + k) and 


C(a + k) > 
ms 


then C(a + & +1) is a union of sets of r and |G4,,,| < |Ga,|, and since 
\C(a + k)| = p|C(a + k + 1)| we obtain 


\Ca+k+1)|_ |\C@+k+1)|_ |C@+k)| 





: = “*"forO0 <k <s. 
Gant ° Gall —_—- 
But since |G4,| = p'|Ga,.,| for ¢ > 0, and 
C(a + k)| 
[Y: Yas) = - | ’ 
Ak 


we may write [Y: Y,,] = p****d for « > 0. 

If (y) is a generator for Y then (y,) = (y”*’) is a generator for Y, and 
(ya) = (y”*"**) is a generator for Y,,. Let H be a coset contained in G, 
and h € H. Now h” € H'™', and we examine the effect of (y,4) and (y.,) 
on this coset. 

If « >k, from y’*** = y (mod p), by Lemma 2.2, we obtain 


vy?" ~*** = y?* (mod p*t'). 
If k > «, from y”*~* = y (mod p) we obtain 
y= y"**** (mod p****!), 
In either case 
y= —_— (mod p**+}), 
and thus 


pty"? = p*y*-*** (mod p*-'). 


Hence (y,) and (y,4,) map an element of H'” into the same coset and thus 
they permute the cosets contained in C(a + k) in the same way. It follows 
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that G,, meets precisely those cosets that belong to some family of d cosets 
conjugate under Y,. This completes the proof of Lemma 4.1. 


Proof of Lemma 4.2. By (v), since C(a) is not contained in an alternating 
element, each element of = with partition set contained in G” is the sum of 
the elements of its partition set. Since, by Lemma 4.1, C(a + s) is a union 
of elements of x, by (i) and (ii), G?****' is a union of elements of x, and hence 
for t= 0 (mod p**'), A'" is a sum of elements of &. 

If p*+! ¥ t, Hy" is contained in some C(a + k), 0 < k < s, and by Lemma 
4.1, 


Ae" U...U A 
is a union of sets of x. Hence A'" is a sum of elements of 2. This completes 
the proof of Lemma 4.2. 
Let Gg € x be the partition set of some B € = where 3, the smallest element 
of the spectrum of Gz, satisfies 6 > a. Then 


B= > g. 


o¢GB 


Subcase 11.1. 6 = a. Then by (iii), Gg = G4 for some (z) € Y, whence 


d—1 
B= > S; 
j=0 
Now |Gzg (\ H;'*'| = |G”****"| where 0 < i < d and 
d—1 d—1 rat ee d—1 d—1 ae 
AB=)) 2 SS/*=|@"""| Dd syns! 
i=0 j=0 j=0 i=0 


d—1 


-_ eters YA j (Men 


which, by Lemma 4.2, is a sum of elements of 2. 


Subcase 111.2. a <b < a+. Then C(d) is a union of conjugates of Gz, 
and writing 6 = a + k, we know that Gg meets H,'" for some t where p*|'t, 
whence, by Lemma 4.1, Gg meets precisely the d cosets 


H,'",H,'", wee A". 


By an earlier argument, see proof of Lemma 3.3, all |H,;'" U Gz,| = m for a 
fixed m > 0. Thus 


a—1 a—1 a—1 
AB = >. (5 > ¢) =m > A +4) 


i=0 i=9 56H; (1) 


which again is a sum of elements of 2. 


Subcase 111.3. If 6 > a + s, then B is an element of = with partition set 
contained in G?****'. Then BA = |B\A and the theorem is proved. 

In view of Theorem 4, in order to list all reduced integral partition rings of 
a cyclic group G of odd prime power order p*, it suffices to list all proper 


of 
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partitions of G, that is, partitions satisfying (i)—(iv), and, in the case of 
partitions in which C(O) is properly contained in a partition set, to list the 
possible ways in which an alternating element may occur. 

If x is a proper partition of G, the restriction x’ of r to G’ is a proper 
partition of the subgroup G’. Thus, a proper partition 7 of G can be obtained 
from a proper partition x’ of G? in at most two ways: 

1. C(O) may be partitioned and the sets of this partition, together with 
those of x’ will form z. 

2. If C(1), the lowest level of G’, is contained in a set of x’, C(O) may 
be adjoined to this set to extend 2’ to z. 

A partition formed by the first procedure must be made in such a manner 
that conditions (i)—(iv) are satisfied. This can be done as follows. 

Let G, be a set of the partition of C(a). By condition (iii) G, must be a 
basic set and from condition (iv) it follows that any such G, for which 


Ic@)| 
Ga| 
yields a proper partition, while such a partition with 
IC(O)) 
G.| °* 
is permissible just in case C(1) contains some Gz, and |G,4| = p"|G,| for some 


s > 0. Any partition ring formed in this manner must contain only positive 
elements by (v) and hence is fully determined. 

If the partition + is formed in the second manner, 7 contains a set 
G, = C(0)U C(1) U... WU C(d) for some d > 0. Then by (v), the element 
A of the partition ring with partition set G, can be taken as a positive element 
or an alternating element. By the definition of an alternating element, the 
coefficient m(0) of the elements of C(0) must equal one, while the coefficients 
m(a) of levels C(a), 0 < a < d may each be chosen positive or negative, and 
by Lemma 1.5 the signs of these coefficients determine their values. 

Since the group containing one element has only one partition ring, we 
have established an inductive procedure for finding all partition rings of cyclic 
groups of odd prime power order p*. 
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ON THE STRUCTURE OF SEMI-PRIME RINGS 
AND THEIR RINGS OF QUOTIENTS 


JOACHIM LAMBEK 


We are mainly interested in the study of prime and semi-prime rings and 
their rings of quotients. However, our argument proceeds largely in the 
category of modules (§ 1 to 4) and bimodules (§ 5 to 7). 

After a brief description of the generalized rings of quotients introduced 
recently by Johnson, Utumi, and Findlay and the present author, we study 
a closure operation on the lattice of submodules of a module. For the lattice 
of left ideals of a ring, the concept of closed submodules reduces to the M-ideals 
of Utumi. The lattice of closed submodules of a module is always a complete 
modular lattice. We are specially interested in the case when it is a comple- 
mented lattice. This happens, in particular, when the singular submodule of 
Johnson and Wong vanishes. We consider the lattice of closed right ideals 
of a prime ring S and determine the maximal ring of right quotients of S in 
the case when this lattice has atoms. Our results for such prime rings are 
closely related to recent results by Goldie, Lesieur and Croisot, and Johnson. 

All proofs in § 2 and § 3, concerning the closure operation on the lattice 
of all submodules of a module, have been carefully designed to carry over to 
an essentially different situation in § 5. There we study a closure operation, 
called b-closure, on the lattice of all submodules of a bimodule. This does not 
reduce to the original closure operation, even when the bimodule is con- 
verted into a right module. The connection between the two closure operations 
is rather exemplified by the following: Call a submodule dense (b-dense) if its 
closure (6-closure) is the whole module. Then an ideal in a ring is b-dense 
if and only if it is dense both as a right ideal and as a left ideal. 

Each bimodule M possesses a b-completion, that is a largest bimodule in 
which M is b-dense. The b-completion of a ring S is also a ring and coincides 
with the so-called maximal ring of right and left quotients, first introduced 
in a special case by Utumi and defined in general by Johnson and Wong. The 
b-completion of a prime ring with non-zero socle is described symmetrically 
in terms of dual vector spaces. 

The 5-closed ideals of a semi-prime ring S are precisely its annihilator ideals. 
They form a complete Boolean algebra, which is isomorphic with the algebra 
of regular open sets in the prime ideal space of S. If S is also b-complete, the 
b-closed ideals are precisely the direct summands of S. This fact is exploited 
to obtain a structure theorem: Every such ring S is the direct sum of two 
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rings C and C*, where C is the complete direct product of b-complete prime 
rings and the lattice of annihilator ideals of C* has no atoms. 

The main results of § 5, § 6, and § 7 have been announced to the American 
Mathematical Society (Notices, 7 (1960), pp. 92 and 241). 

I wish to thank Dr. Utumi for his careful reading and helpful criticism of 
the manuscript. 


1. Survey of generalized rings of quotients. 


1.1. If Sis any associative ring, a right S-module M x consists of an additive 
abelian group M and a mapping (m, s) —~ ms of M X S into M satisfying the 
obvious distributive and associative laws. Left modules are defined dually. 
The ring S gives rise, in an obvious way, to the right module Ss and the left 
module 5S. 

A right module Mg is called unitary if S has a unity element 1 and ml = m 
for all m € M. Every right module Ms can be converted into a unitary module 
M s# as follows: S* is the ring consisting of the additive group S @ Z, Z the 
ring of integers, with multiplication defined by 


(s + 2)(s’ + 2’) = (ss’ + s2’ + 25’) + 22’, 
for s, s’ € S and z, 2’ € Z. One then puts 
m(s + 2) = ms + mz, 
for m € M, s € S, and 2 € Z. 


1.2. Findlay and the present author (5) investigated a relation among 
three modules As, Bs, and Cs. They wrote A < B(Cs) as an abbreviation 
for any of the following three equivalent statements: 

(1) Ags is a submodule of Bs and, for any submodule Es of As — Bs, 
Hom s(E, C) = 0. Here A — B is the difference (or quotient) module of A 
modulo B. 

(2) Ags is a submodule of Bs and, if ¢ © Homgs(D, C), where Dg is any 
submodule of Bs and A C ker ¢, the kernel of ¢, then the image im ¢ = 0. 

(3) Ag is a submodule of Bg and, for any 6 € Band any 0 # ¢ € C, there 
exists an s € S and an integer z such that bs + bz © A and cs + cz # O. If 
the modules in question are unitary, z can be taken to be 0. 


1.3. If A < B(Bs), Bs was called a rational extension of As. It was shown 
that any module Ms possesses a largest rational extension (rational com- 
pletion) Ms, unique up to isomorphism over Ms. M5 is rationally complete in 
the following sense: If A < B(Ms), then every ¢ € Homs(A, M) can be 
extended to a (unique) 6 € Homs(B, M). Two constructions of M s were given: 

(1) Let Ms’ be the minimal injective extension (4) of Ms, then M5 con- 
sists of all those elements of Ms’ which are annihilated by every endomor- 
phism of Ms‘ which annihilates Ms. 
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(2) The right ideals D of S* such that D < S*(Ms) form a directed set 
under inclusion, and the additive groups Homs(D, M) form a direct system. 
Their direct limit is turned into an S-module Ms in a natural way. If Ms 
is unitary, one may replace the S’ of this construction by S. 


1.4. Johnson and Wong (19) called a submodule Ls of Ms large if it has 
non-zero intersection with every non-zero submodule of Ms. They introduced 
the singular submodule J(Ms5) of a module Ms. It consists of all elements 
of M which annihilate a large right ideal of S. They showed that if /(Ms) = 0, 
then also J(M;) = 0 and Ms is injective. Moreover, the ring of endomor- 
phisms of Ms is regular (in the sense of von Neumann) and injective as a 
right module. 


1.5. If S is any associative ring, Qs the rational completion of Ss, then Q 
is actually a ring extending S. Q coincides with the maximal ring of right 
quotients of S, previously defined by Johnson (10) and Utumi (17) in the 
following important cases. 


Johnson's case. The singular submodule of Sg is actually an ideal, call it 
the right singular ideal. Johnson assumed that this ideal vanishes. He showed 
that the right singular ideal of Q then also vanishes and that Q is regular 
and injective as a right Q-module. 


Utumi'’s case. Utumi assumed that, for any non-zero element s of S, 
sS # 0. It is, in fact, easily seen that this is a necessary and sufficient con- 
dition for Q to contain a unity element (5, 6.2). 

Among many other interesting applications, Utumi computed the maximal 
ring of left quotients of any primitive ring S with non-zero socle (17, 5.1). 
Thus, let V = eS be a minimal right ideal of such a ring, e an idempotent 
element of S (9, p. 57, Proposition 1). Then D = eSe is known to be a skew- 
field, and V is a vector space pV. Utumi showed that Homp(V, V) is the 
maximal ring of left quotients of S. 


1.6. For an integral domain S, the maximal ring Q of right quotients 
coincides with the classical field of quotients. If S is not an integral domain, 
there may also exist a “‘classical’’ ring of quotients. For example, if S is 
commutative, then this classical ring of quotients Q,,; consists of all ratios 
s/s’, where s € Sand s’ is any regular element of S, in the sense that s’’s’ # 0 
for any non-zero element s’’. However, Q., may be smaller than Q. For 
instance (2), if S is any Boolean ring, then Q, = S, but Q is the Dedekind- 
MacNeille completion of S. 


1.7. The ternary relation A < B(Cs) has a number of properties, which 
are easily derived from the definition. We state them here for later reference. 

PO. If B-—-AZB'—A’ and C=C’, then A < B(Cs)_ implies 
A’ < B’(Cs’). 

Pl. If 0 < C(Cs), then C = 0. 


, 





to 


co 


su 


ri 





| 








SEMI-PRIME RINGS 395 


P2. If A < B(Cs) and Dg is a submodule of Cs, then A < B(Ds). 
P3. If Ds is a submodule of Bs containing the submodule Ag, (that is, 
ACDCB), then 
A < B(Cs)= both A < D(Cs) and D < B(Cs). 
P4. A < A(Cs). 
P5. If A < B(Cs) and C < D(Ds), then A < B(Ds). 


Actually, it was shown in (5) that the second condition of P5 can be 
replaced by the weaker assumption that Cs is a large submodule of Ds. This 
stronger result will not be used here. 

We mention also the following property, which has to do with change of 
rings (5, 5.5). 

(t) For any modules Az, Br, and Cy, if S is a subring of T such that 
S < T(Cs), then 


A <B(Cr)e@A < B(Cs). 
2. The lattice associated with a module. All modules are understood 


to be right S-modules. 


2.1. Let A be a submodule of M. There is a largest submodule A* of M 
containing A such that A < A‘(M). This may be constructed as follows: 


At={mé€ M| A<A+mS*(Ms)} 
{m€ M| mA < S#(Ms)}. 


The second formula is due to Findlay. Here 


mA = {x € St| mx € A}. 


2.2. The assignment c: A — A°* is a closure operation on the lattice of all 
submodules of M. It has the following properties: 

Ci. O° = 0. 

C2. (A (\ B)* = A*l\ B*. 

C3. If ¢ € Homs(M, M), then ¢(A*%) C (gA)* 
These correspond to Al, A2, and half of A3 of Johnson’s “‘structures’”’ on 
rings (11). 

Proof. 

(C1) Since 0 < 0°(M), therefore 0 < 0°(0°), by P2, hence 0° = 0, by PI. 

(C2) Since ¢ is a closure operation, (A (\ B)* C A*(\ B®. To show the 
converse, observe that A < A‘°(M). From this we deduce that A < A°/)\ 
(A + B)(M), by P3, that is A < A + (A*°C)\ B)(M), by the modular law. 
Now 

(A + (A*CO\B)) —A S&S (ASO\B) — (ACVB), 


by one of the isomorphism theorems of group theory. Therefore A (\ B < 
A*(\ B(M), by PO. Similarly we deduce from B < B*(M) that ATVB < 
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A‘*(\ B*(M). In view of P3, both these results together imply that 
A(\B < A°(\ B(M). 

(C3) Let @€ Homs(M, M), K =A‘ f\ker @ Now A < A*(M), 
oA*=A*—K, @AS(A+K)-—K, and ¢A*‘—¢ASA‘— (AK). 
By P3 and PO, ¢A < ¢A‘°(M), hence ¢A* C (@A)*, as required. 

2.3. Proposition. The lattice L(M) of closed submodules of M is a com- 
plete modular lattice, with set-intersection as meet. 


Proof. That we have a complete lattice follows from the fact that we have 
a closure operation. The join of two or more submodules of M is defined by 


AVB=(A+B), VA,= (x Ai)‘. 
tel tel 
Finally, let A, B, and C be submodules of M and assume that B C A. Then 
A\ (BV C) = ATO\ (B+ C)* 
(A (\ (B + C))° 
= (B+ (AM C))* 
=Bv (ANC), 


| 


using C2 and the modular law for the lattice of all submodules of M. 


2.4. A submodule K of M will be called dense if K* = M. One easily verifies 
that every dense submodule is large. 


LemMa. If K is dense in M, A any submodule of K, then A°(\K is the 
closure of A in K. 


Proof. Since A < A‘, we have A < A‘*(\ K(K), by P2 and P3. Therefore 
A‘ (\ K is contained in the closure A‘ of A in K. 

Now A < A‘%(K), hence A < A*(M), by P5. Therefore A* C A*, and so 
A®C A*(\ K. 


Note. We should really write A“ for A* and A*™ for A‘, but we have 
endeavoured not to make the notation too heavy. 


2.5. The following partly generalizes a result by Utumi (17, Theorem 2). 


Proposition. If K is dense in M, then L(K) and L(M) are isomorphic 
lattices under the inverse correspondences 


A—A*%, B-—B(\K, 
where A € L(K) and BE L(M). 


Proof. Again let d denote the closure operation in K. We observe that 
clearly A* € L(M) and that B(\ K € L(K), since 


(B(\ K)* = BYOf(\ K* = BY(O\KN\K =BOC\K, 
by C2 and the above lemma. 


ic 


it 
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Next, we note that the two mappings are inverses. For A*°(\ K = A‘ = A, 
by the lemma, and (B/\ K)* = B°(\ K* = B(\ M = B, by C2 and the 
fact that K is dense in M. 

Finally, we observe that the two mappings are meet-isomorphisms, hence 
lattice isomorphisms. For B (\ B’(\ K = B(\K(\ B'(\K and (A \ A’")* 
= A*(\ A"*, 


2.6. Proposition. If K is a closed submodule of M, then any closed sub- 
module of K is closed in M. 


Proof. Let A be a closed submodule of K, then A < A*°(M), hence 
A < A*f\ K(K), by P2 and P3. Thus, A*(\ K C A, which is closed in K. 
But A C A’‘and A C K, hence A = A*(\ K = A*(\ K* = (AC\ K)* = A*, 


in view of C2. 


2.7. Examples of closed submodules are the following submodules K of M: 
(1) K is maximal such that K (\ L = 0, for some submodule L of M. 
(2) K = {m € M| Fm = 0}, for some subset F of Homgs(M, M). 

(3) K is a direct summand of M. 


(4) K is rationally complete. 


Indeed, (1) follows easily from the known fact that every dense submodule 
is large, (2) follows immediately from C3, and (3) is a special case of (2). 
Finally, assume that K is rationally complete, K°* its closure in M. Then K* 
is a rational extension of K and therefore coincides with K, and so K is 
closed in M. 


2.8. By the socle of a complete lattice we shall understand the join of all 
its atoms, that is its minimal non-zero elements. 


Proposition. The socle of L(M) is contained in every large closed submodule 
of M. It is mapped into itself by every endomorphism of M. 


Proof. Let A be an atom of L(M), L a large closed submodule of M. Since 
A #0, we have A (\ L #0. Since A and L are closed, so is A (\ L. Since 
A is an atom, A (\ L = A, that is A C L. Thus Z contains all atoms, hence 
their join. 

Let ¢ € Homs(M, M) and let {Aj} «7 be the set of all atoms of L(M). 


By C3, 
(2 A) c (od ajc (X (o4a')* 


The result will follow if we show that the (¢A,)° are all 0 or atoms. 

Let A = A, be any atom of L(M). Any submodule of ¢A has the form 
#B, where KC BCA, K being the kernel of ¢. Assume B # 0, then 
A — ¢B =A — B. Now B < A(M), hence ¢B < ¢A(M), by PO. There- 
fore ¢A C (@B)*, and so (¢A)* C (B)*. 

Now let C be any closed submodule of M such that 0 # C C (@A)°*. Since 
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$A is a large submodule of (¢A)*, C(\ A is a non-zero submodule of $A, 
hence has the form ¢@B, where B # 0. By the above and C2, 


(@A)* C (C\ oA)* = C°0\ (A)*® = C. 
Thus (¢A)° is an atom, as remained to be shown. 


2.9. Proposition. If M is any module, the socle of L(M) is the closure of 
the discrete direct sum of some of its atoms. If L(M) is a distributive lattice, 
then its socle is even the closure of the discrete direct sum of all the atoms. 


Proof. The argument for the first result is standard, for example, (9, p. 61). 
Indeed, let {A;} ie, be the set of all atoms of L(M). By Zorn’s lemma, one 
finds a maximal subset J of J such that, for all 7 € J, 

Aif\} V A;=0. 
jeJ—li 
Now, for any i € I, Ag (\V yz Ay =0 or = Ay. By maximality of J, it is 
easily shown to be not 0, hence A; C Vy, A;. The first result now follows. 
Next, assume that L(M) is a distributive lattice. We will show that 


Ait} >> A;=0, 


jeI-—li 
for any 7 € J. Thus, suppose that m belongs to the set denoted by the left 
side of this equation. Then there is a finite subset F of J — {i} such that 


m€A,()\ > A;C V (AiNA;), 
jer 


jeF 


by the distributive law. Since i¢ F, A; and A, are distinct atoms, hence 
A,(\ A; =0 for all 7 © F. Therefore m = 0, as required. 


3. Complemented lattices. Unless otherwise stated, all modules are 
still assumed to be right S-modules. 


3.1. Of special interest is the case where the lattice of closed submodules 
of a module is complemented. 


LemMMA L(M) is complemented if and only if every large submodule of M is 
dense. 


We recall that a large submodule is one that has non-zero intersection 
with every non-zero submodule. 


Proof. Assume L(M) is complemented. This means that for every closed 
submodule A there is a closed submodule B such that A /\ B=0 and 
AV B= M. Let L be any large submodule of M, then L‘ will have a com- 
plement K = K*. But then K (\L = 0 and so K = 0. Hence L°'= L°V K 
= M. 

Conversely, assume the condition and let A be any closed submodule of 
M. Using Zorn’s lemma, we find a maximal B such that A (\ B = 0. By 2.7(1), 


if 


yn 
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B is closed. A well-known argument (10) now shows that A+ B is a large 
submodule of M. By assumption, A + B is dense, hence its closure A V B= M. 
Thus B is a complement of A. 

Our proof is now complete. Incidentally, we have shown: 

If L(M) is complemented and A € L(M), then any maximal submodule 
B of M such that A (\ B = 0 is a complement of A. 


3.2. Proposition. If the lattice L(M) associated with a module M is com- 
plemented then so is the corresponding lattice of any submodule and of any 
rational extension of M. 

Proof. Let L(M) be complemented. If N is a rational extension of M, then 
L(M) = L(N), by 2.5, hence L(V) is also complemented. 

Now let A be any submodule of M. Since A is dense in A‘, L(A) and 
L(A‘) are isomorphic, by 2.5. Thus it suffices to show that L(K) is com- 
plemented, for any closed submodule K. 

Let B € L(K) C L(M), by 2.6. Hence there exists C € L(M) such that 
B(\C =0 and BV C= M. We claim that (C(\ K)* is a complement of 
B in L(K), where d is the closure operation for submodules of K. 

Indeed, C (\ K isa large submodule of (C (\ K)*, hence B (1\ (CC) K)* = O. 
Moreover, by the modular law and C2, 


(B+ (CO\K))* = (B+ C)O\ K)* = (B+ C)'O K‘=MN\K = K. 
Therefore, in view of 2.6, 


K = (B+ (C(”\ K))* C ((B + (CO K))%* 
= (B+ (C(\ K))* C (B+ (CO K)*), 


hence the right side = K, as required. 


3.3. THEOREM. If M is rationally complete and L(M) is complemented, then 
the following conclusions hold: 

(a) Every closed submodule of M is a direct summand. 

(b) For any submodule D of M, any ¢ © Homs(D, M) may be extended to an 
endomorphism of M. 

(c) F = Homg(M, M) is a regular ring. 

(d) The lattice L(M) is isomorphic with the lattice of principal right ideals 
of F. 

(e) F is injective as a right F-module. 

Proof. 

(a) Let A be a closed submodule of M. By assumption, it has a comple- 
ment B so that A (\ B = 0 and A V B = M. Consider the map ¢@ € Homs 
(A + B, M) defined by ¢(a + 5b) = a. By rational completeness, this may 
be extended to y € Homs(M, M). We have 

YM = ¥(A + B)°C (WA + B))* = AS =A, 
by C3. Thus, for any m € M, 
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ym = ¥(ym) = o(ym) = ym, 


and so y¥ is a decomposition operator. 

(b) Let D C M, @ € Homs(D, M). By rational completeness of M, ¢ may 
be extended to ¢’ € Homs(D*‘, M). By (a), D* is a direct summand of M, 
hence ¢’ may be extended further to an element of Hom s(M, M). 

(c) Let f € F = Homs(M, M). We observe that K = ker f is closed by 
2.7(2). By (a), K is a direct summand, hence M = K + Hand K(\H = 0. 
Thus f induces an isomorphism g: H — fH. By (b), g-':fH— H may be 
extended to f’ € F. For any k € K, h © H, we thus have 


Sf'f(k + h) = ff'0 + fe-'gh = fk + fh = f(k +h). 


Therefore ff'f = f. 

(d) This is proved like Johnson’s theorem (12, II, 7.5), by showing that, 
for any idempotent e € F, the principal right ideal eF of F determines the 
direct summand eM of M and vice versa. Thus eM = (eF)M and eF = {f€ F| 
{M C eM}. 

(e) This is proved like (19, Theorem 5). 


3.4. Looking at the above proof, we find that the conditions of the theorem 
can be somewhat relaxed. Instead of rational completeness, it suffices to 
assume this: 

For any submodule D of M, every ¢ € Homs(D, M) can be extended to 
some (necessarily unique) ¢’ € Homs(D*‘, M). 

It is easily seen that this condition is equivalent to the following: 

M is mapped into itself by every endomorphism of the rational completion 


M of M. 


3.5. Examples. The lattice L(M) will be complemented if the singular sub- 
module J(M) = 0. Johnson and Wong proved (c) and (e) for this important 
case. However this is not the only example. 

The ring S = Z, of integers modulo the prime p may be regarded as a 
right Z-module. As such, its singular submodule J(Sz) = Z, # 0. Now, L(Sz) 
has only two elements, hence is trivially complemented. It can also be shown 
that Sz is rationally complete. 

Johnson and Wong (19, Theorem 5) have also shown that M is injective 
when J(M) = 0. This result cannot be generalized to the case when L(M) 
is complemented. For Z,, regarded as a Z-module, is not divisible. 


3.6. We may ask when the lattice associated with a module consists of 
only two elements, that is, every non-zero submodule is dense. Goldie (5) 
has called a non-zero module uniform if every non-zero submodule is large. 
Thus, by 3.1, Z(M) has exactly two elements if and only if M is uniform and 
L(M) is complemented. 

Of special interest is the case when S = Z, the ring of integers. 


—_—-~ 
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Proposition. If M is an additive abelian group (Z-module), then L(M) has 


exactly two elements if and only if M is cyclic of prime order or a subgroup 
of the additive group of rationals. 


We shall omit the proof, which depends on standard theorems in the theory 
of abelian groups. 


3.7. A lattice is called atomic if every non-zero element contains (>) an 
atom, or minimal non-zero element. 


Proposition. Jf the lattice L(M) is complemented and atomic, then its socle 
is M. If the socle of L(M) is M, then L(M) is complemented. 


Proof. Assume that L(M) is atomic and complemented. Let C be its socle, 
D acomplement of C. Since C(\ D = 0, D contains no atoms, hence D = 0. 
Therefore M = (C+ D)*‘=C°=C. 

Conversely, suppose that C = M. By 2.8, every large, closed submodule 
of M coincides with M. By 3.1, L(M) is complemented. 


4. On prime rings. 

4.1. An associative ring S is called prime if it has any one of the following 
equivalent properties: 

(1) For any non-zero ideals A and B of S, AB # 0. 

(2) For any non-zero elements s, s’ of S, sSs’ # 0. 

(3) For any non-zero ideal A of S, A’ = 0. 

(4) For any non-zero ideal B of S, B' = 0. Here 

A’ ={s€ S| As = 0}, B' = {s € S| sB = 0} 

are the right and left annihilators of A and B respectively. 

If S is a ring for which S' = 0, it is well known (5, 6.4) and easily shown 
that an ideal A of S is dense as a submodule of Sz if and only if A‘ = 0. 

It follows that every two-sided ideal in a prime ring is dense. 


LemMa. If S is a prime ring, the socle of L(Ss) is either 0 or S. 


Proof. Suppose the socle of L(Ss) is not 0. By 2.8, it is an ideal, hence 
dense. But, by definition, the socle is closed, hence it coincides with S. 


4.2. If S is a prime ring, Q any ring of right quotients of S, then Q is also 
a prime ring. (It suffices to assume that Ss be a large submodule of Qs.) 

Indeed, let A and B be non-zero ideals of Q. Then A (\ S and B(\S are 
non-zero ideals of S, hence (A (\.S)(B(\S) # 0, and so AB ¥ 0. 


4.3. The following theorem owes its present form to a discussion with 
R. E. Johnson. (An independent proof of it was also found by Utumi.) 


THEOREM. Jf S is a prime ring such that the lattice L(Ss) has non-zero socle, 


then its maximal ring of right quotients is a complete ring of linear transforma- 
tions of a right vector space. 
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Proof. We are given that S is a prime ring such that L(Ss) has non-zero 
socle. Let Q be its maximal ring of right quotients, this is also prime, by 
4.2. Moreover L(Qs) = L(Ss), by 2.5. We shall verify below that the closed 
submodules of Qs are actually closed right ideals of Q, hence L(Qg) = L(Qs). 
Therefore, L(Qg) also has non-zero socle, which must coincide with Q, by 
4.1. Now, by 3.7, L(Q) is complemented. Since S' = 0, Q contains a unity 
element (see, for example (5, 6.2)). Therefore Q = Hom (Q, Q), and this is 
a regular ring, by 3.3. Thus every principal right ideal of Q is a direct sum- 
mand, hence a closed right ideal. Therefore, every atom of L(Qg@) is a minimal 
right ideal. Thus Q has non-zero socle. (The usual socle of Q is the socle of 
the lattice of all right ideals of Q.) Moreover Qg is rationally complete. By 
Utumi’s theorem, mentioned in 1.5, Q = Hom p(V’, V’), where D is a skew- 
field and V’» is a right vector space. 


4.4. The proof given above depended on the following lemma, which is 
implicit in the work of Utumi. 


Lemma. If Q is the maximal ring of right quotients of S then any closed sub- 
module of Qs is a closed right ideal of Q. 


Proof. Let A be a closed submodule of Qs, and let a € A. Take any g’ € Q 
and 0 # q € Q. Since S < Q(Qs), we can find x € S* such that g’x € S and 
gx #0. Now take any a’ € A, then (a’ + aq’)x € A and gx #0. Thus 
A<A-+aQ(Qs), and so A +aQCA‘* =A, hence aQ C A. Therefore A 
is a right ideal. To see that it is closed, assume A < B(Qg). Then also 
A < B(Qs), by 1.7 (7), hence B C A* = A, as required. 


4.5. As has also been observed by Johnson, Theorem 4.3 partly generalizes 
a recent result of Goldie (8). Goldie obtained the conclusion of Theorem 4.3 
(even using the classical ring of quotients) for prime rings satisfying the 
following ascending chain conditions.as well as their symmetric duals: 

(Ir) Every direct sum of non-zero right ideals of S has a finite number of 
terms. 

(21) The ascending chain condition holds for the annihilator left ideals of S. 

It is not difficult to show that the assumption of Theorem 4.3 for a prime 
ring S is implied by (lr) and (2/), or even by (lr) and (2r), the symmetric 
dual of (21) (15, Propriété 12). In this connection we shall only establish 
one lemma. 


4.6. A ring without non-zero, nilpotent ideals is called semi-prime. Clearly, 
every prime ring is semi-prime. 


Lemma. If S is any semi-prime ring satisfying (21), then J(Ss) =0. 
Proof. Let {L,| i € I} be the set of all closed large right ideals of S and 


consider 
J = i ... 


iel 





yy nee 
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We have 


J" = (x L,')" = (x L,')", 


tel ieP 


for a finite subset F of J, by (2/1). Therefore 


=I" =(OL")\"=0 LA", 
ieF ieF 

since A — A" is also a closure operation on the lattice of right ideals of S, 
and the intersection of “‘closed’’ right ideals is ‘“‘closed.’’ Now a finite inter- 
section of large right ideals is large, hence L = J’ is a large right ideal. Thus 
(J (\ L)? C JL = 0. Since S is semi-prime, J (\ L = 0, hence J = 0. 

Thus L,' = 0, for all closed, large right ideals L, of S. This easily implies 
that L’' = 0, for any large right ideal L’ of S, as was to be shown. 


5. Rational completions of bimodules. 


5.1. If R and S are associative rings, a bimodule pM sg consists of a right 

module Ms and a left module gM with the same additive group such that 

(rm)s = r(ms) (r€ R, me€ M, s€S). 

By a standard trick, gM xs may be regarded as a right module, even a unitary 

right module M,y. Thus let R’ be anti-isomorphic with R, then we put 
T = S’ @, R" and write 

m(x @ y’) = ymx (m € M, x € St, y € R*). 

In view of this identification it is clear that, for R- S-bimodules A, B, and 

C, A < B(eCs) must mean that 2A 5 is a submodule of gBs and Hom, s(E£, 

C) = 0, for every submodule pgEs of pBs — pAs. We can also speak of the 


rational completion 2M s of gMs, meaning that M, is the rational com- 
pletion of Mr. 


5.2. THEorEM. Let pM 5 be any bimodule, pM g its rational completion. Then 


the rational completions of Ms and pM are also bimodules pMs and 2M g re- 
spectively. They are isomorphic over pM to unique submodules of pMs and 
will be identified with these. Their intersection 2M 5 in gM g is the largest extension 
of rMs satisfying M < M(Ms) and M < M(gM). 2M is “‘b-complete” in 
the following sense: 

If pAgs and pBs are any bimodules such that A < B( Ms) and A < B(pM), 
then any element of Hom,,s(A, M) can be extended to a unique element of 
Hom,.s(B, M). 


Proof. Every r € R determines an element of Homs(M, M), namely the 
map m—rm, m € M. Since Mz is dense in Ms, this map may be extended 
to a unique element of Homs(M, M), by 1.3. We may as well write this 


map n—rn,n € M. Thus M is also an R- S-bimodule. 
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Now M< M(Ms), a fortiori M < M(pM gs). By 1.3, the injection of M 


into M can be extended to a unique element of Homa, 3(M, M), and this is 
easily seen to be a monomorphism. 


We may identify M with its isomorphic image in M. Similarly M may be 


regarded as a submodule of M. Put MW = M(\ M. From M< M(Ms) we 
immediately deduce that M< M(Ms). By symmetry, we have also 
M < M(”M). We defer the proof that M is the largest extension of M with 
these two properties. 

Now let A < B(Ms), A < B(eM), and ¢ € Homg.s( 1, M). A fortiori, 


@ € Homs(A, M), hence it may ba extended to a unique o € Homs(B, M). 
Take any r € R and compare ro with or € Homs(B, M). These two maps 
coincide on A, hence on B, since A < B(M;). (This last statement follows 
from A < B(Ms) and M< M(Ms) by P5, where the second statement 
follows from M < < MMs) by P3.) 

Thus $€ = Homa, s(B, M). In Ge same way, we extend @ to a unique 


$ € Home. s(B, M). Now both , and $ may be regarded as elements of 
Hom,.s(B, M). They agree on A, hence on B, since A < B(gMs). (This 
last statement follows by P5 from A < B(,Ms), which isa trivial consequence 
of A < B(Ms), and M < M(2Ms), an immediate consequence of M< 
M(2M s).) 


Now the image of ¢ lies in M, the image of ¢ in M, hence their common 


image lies in M (\ M = M, and so we obtain an element of Homg.s(B, M1). 

Finally, assume that M < N(Ns) and M < N(,N). It follows by a 
standard argument that NV may be regarded as a unique submodule of J. 
(Indeed, since VN < M(Ms), P5 yields M < N(Ms), and similarly M < N(,J/). 
In view of the completeness property just proved, the injection of M into W 
may be extended to a unique element of Homg.s(N, M), and this is easily 
seen to be a monomorphism.) Thus M is, up to isomorphism, the largest 
bimodule N with the prescribed properties. 


5.3. THEOREM. Let S be a ring, ss its rational completion as a bimodule. 


The maximal rings S and S of right and left quotients of S, regarded as S-S-bi- 
modules, are isomorphic to unique submodules of s5s, and will be identified with 
these. Their intersection S is a subring of both. It is the largest ring extension 
of S which is both a right and a left ring of quotients of S. 


S is the maximal ring of right and left quotients of S of Johnson and Wong 


| 


TT 


~_—— 
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(19, 8). A special case had previously been studied by Utumi (17, 5.3). The 
present construction is more symmetrical than these earlier ones. 


Proof. All of this follows immediately from 5.2, with the exception of the 


fact; ,that the operations of multiplication in the rings Ss and s coincide on 
their intersection S 


As was shown in (5), S isa ring with multiplication * (say) such that 
q*s = qs, for all g € Ss and s € S. By symmetry, Si isa ring with multiplica- 


tion o (say), such that so p = sp, for all s € Sand p € cS. We wish to show 
that pog = p*q€ S, for all p and q in S. 
Let us write 


Y={yeStayeS}, X ={x€ SH xpe S}. 
A simple calculation show sthat 
x(pog)y = (xp)(gy) = (Pp *Q)y (x € X, y€ Y), 
and ‘so X(pog — b*q)Y = 0. Since 
S*# — Y= (qS*# + S) —S, 


we deduce from P3 that Y < S*(Ss), and similarly that X < S*(,S). The 
result now follows if, for any m € S, XmY = 0 implies m = 0. In view of 
the representation of bimodules as unitary right modules (see 5.1), this may 
be inferred from the following lemma. 


5.4. Lemma. If Mz, Ns, Ar, Bs and Ce@s are right modules such that 
A < M (Cp) and B < N(Cs) then [A ® B) < M ® N(Cr@s).- 


Here [A @ B] is the set of all 
k 
> a4,0@b,€ MON 
i=l 
with a; € A and 6, € B. 


Proof. Let Dbe any R @ S-submodule of M @ N and consider ¢ € Home@s 
(D, C) such that [A @ B] C ker ¢. We wish to show that im ¢ = 


Take a k-tuple (a;,...,a,) of elements of A. Let D’ be the set of all 
k-tuples (m,...,,) of elements of N such that 
k 
> a,@n, € D. 


i=1 


Clearly, D’ is an S-submodule of RV = N @... @ N. Let 


k 
o'(m1,...,%) = (3 40%.) 
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then @’ € Homs(D’,C) and kBCkerd’. Now, B<N(Cs), hence 
0 < N — B(Cs), and therefore 0 < k(N — B)(Cs). But R(N — B) =RN 
— kB, hence kB < kRN(Cs). Therefore im ¢’ = 0, and so [A @ N] C ker ¢. 
Repeating the whole argument on the other side, we finally obtain 
M @ N C ker 4, as required. 


5.5. Let D be a skew-field, pV and V’» left and right D-modules (vector 
spaces) respectively. Put 


B = Homp p(V @z V’.D); 


this is clearly an additive group. We may regard B as the module of bilinear 
forms from V X V’ into D. There is a canonical isomorphism 


B = Homp(V, Homp(V’, D)). 


Thus, forany 6 € Bandv € V, we may regard vb as an element of Hom p(V’, D) 
such that 


(vb)v’ = vbv’ (v’ € V’). 


(We write vbv’ in place of b(v @ v’).) 
An element do of B is called non-degenerate if 


vh =~ 0 >7=0 and bv’ = 0>0' =0 WE Viv E€ V’). 


if B contains a non-degenerate element bo, V and V’ are called dual vector 
spaces (9, p. 69). 

Put S = V’ @p V. This is turned into a ring with an obvious multiplication, 
as illustrated by 


(vi @ v1) (02 ® ve) = vi @ (vibw')v2. 
Moreover, one obtains in a natural way the bimodules pV 5, sV’p, and sBs. 
If V’p and pV are dual vector spaces, the mapping v — vb is a mono- 
morphism of pV into Homp(V’, D), and this induces a monomorphism of 
Hom ,(V, V) into B, its image being {b € B| Vb C Vbo}. We also have an 
isomorphic embedding of sSs into sBs. Indeed, the element 


n 


s= DMO 
i=1 
of S gives rise to the bilinear form (s) where 
v(s)v’ = 7. (vbv',) (v bw’). 
i=1 

THEOREM. Let V’p and pV be dual vector spaces with a non-degenerate bilinear 
form bo, and let S be the ring V'’ @p V. Then the bimodule sB gs of bilinear forms 
from V X V’ into D is a rational extension of sSs, and the maximal rings of 
right quotients, left quotients, and right and left quotients of S may be realized 
thus: 
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S = {b € BlbV’C bV, 
S = {b € Bl VbC Vbul, 
S = {b © BIbV’C boV’ and VbC Vby). 


We omit the proof of this theorem, which is another formulation of Utumi's 
results (17, 5.1, 5.3), in the hope of improving it at a later time in two 
directions: to identify the rational completion of sSs and to extend the result 
to projective modules over prime rings. 


5.6. The preceding theorem may be applied to obtain S for any prime ring 
S with non-zero socle. As is well known (16), such a ring is a primitive ring, 


hence we may apply Utumi’s result (see 1.5). Thus S= Homp(V, V), where 
D = eSe is a skew-field and V = eS is a left D-module. Dually, also 


S = Hom,(V’, V’), where V’ = Se isa right D-module. Utumi also computed 
S (17, 5.3), but a more symmetric form of S may be obtained by 5.5. 

Indeed, it is well known (9, page 77) that pV and V’p are dual vector 
spaces. One easily verifies that S is a ring of right and left quotients of SeS, 
the latter being isomorphic to V’ @p V = So, say. Thus S = So, and this is 
determined by 5.5. 


6. On semi-prime rings. 


6.1. With any bimodule ,M gs we may associate the lattices L(p,Ms), L(2M), 
and L(M 5). In addition, we shall be interested in the lattice L°(,Ms), which 
consists of all 5-closed submodules of gMs, where 6 is a closure operation 
defined on the lattice of all submodules of pM-s as follows: 

Let pAs be any submodule of pMs then pA”s is the largest submodule 
rBs of gM sg such that 


(t) A<B(Ms) and A < B(,M). 


We will show that pA’s is in fact the intersection of the closure of Ax in 
Mg with the closure of pA in 2M. 

Indeed, let the closure operation for submodules of Ms be denoted by 
c. Take any element r of R, then 


r(A°) C (rA)* C As, 


by C3 and the fact that A is a left R-module. Thus we have a bimodule 
rA‘s. In the same way, if the closure operation for submodules of 2M is 
denoted by d, we obtain a bimodule 2A‘s. Put B = A*(\ A‘, then B is a 
bimodule and (f) holds. 

On the other hand, assume that 2Bs is any submodule of 2M satisfying 
(ft). Then B C A‘ and B C A‘, hence B C A‘) A‘, as was to be shown. 


Henceforth we write A? = A°f)\ A‘. 
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6.2. We now make the blanket assertion: 

All results obtained for Z(Ms) in § 2 and § 3 remain valid for L°(,2Ms), 
mutatis mutandis. 

Indeed, the results in § 2 and § 3 were based only on these facts: the existence 
of a closure operation, the existence of a rational completion, and properties 
PO to P5 for the ternary relation A < B(Cs) among right modules. 

Since we have already established the existence of a }-closure and a b- 
completion, it remains to verify properties PO to P5 for the ternary relation 


A < B(Cs) and A < B(,C) 


among bimodules. This is a routine verification. For example, P5 asserts for 
bimodules that 


[A < B(Cs) and A < B(gC) and C < D(Ds) and C < D(gD)} 
= [A < B(Ds) and A < B(gD)). 


This implication clearly follows from the separate implications for left modules 
and right modules. 

From the above blanket assertion we must except the special construction 
in 2.1. 

In translating results from one situation to the other, we must make the 
following replacements: 


Replace c by 4, 
L(M) by L*(M), 
closed by  5b-closed, 
dense by  b-dense, 
rationally complete by 6-complete, 
rational extension by _ right and left rational extension. 


Here a submodule p45 of 2Ms is called b-dense if A® = M. 
In future, the analogue of (let us say) 2.5 for 5-closure will be denoted 
by 2.5°. 


6.3. If S is a ring, we are particularly interested in L°(sSs), which we 
shall denote more briefly by L’(S). 


PRoposITION. For an associative ring S, L”(S) has at most two elements if and 
only if either S is a prime ring or S*? = 0 and the additive group of S is cyclic 
of prime order or a subgroup of the additive group of rationals. 


Proof. We proceed in three steps. 

(1) If S is a non-zero prime ring, then L°(S) has exactly two elements. 

Indeed, let A be any non-zero ideal, then A‘ = 0. From this one easily 
deduces that A g is dense in Ss. See, for example (5, 6.4). Similarly sA is dense 
in s5, hence A is b-dense in S. 

(2) If L°(S) has at most two elements and S? # 0, then S is a prime ring. 





an 
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Indeed, assume that every non-zero ideal is b-dense and S* # 0. Suppose 
S' #0, then sS = 0, for some s ¥ 0. Then S*s is a non-zero ideal, hence it 
is b-dense in S. But S*sS = 0, hence SS = 0, contrary to assumption. Thus 
S' = 0, and similarly S’ = 0. 

Now suppose sSs’ = 0, s’ #0. Since S’ = 0, Ss’ #0. Since, S' = 0, 
Ss'S # 0. Thus Ss’S is b-dense in S. But sSs’S = 0, hence sS = 0. Since S' = 0, 
we have s = 0. Therefore S is a prime ring. 

(3) If S? = 0, then L°(S) = L’(2zSz) = L(S), where Z is the ring of integers. 


The result now follows from 3.6. 


6.4. We may also ask when L”(S) is a complemented lattice. Essentially, 


this implies that S is a semi-prime ring and that L*(S) is a Boolean algebra, 
as we shall see. 


PorpositTion. Jf S is a ring for which L’(S) is complemented, then L’(S) = 
L*(S), where S is the maximal ring of right and left quotients of S. If further- 
more S' = 0, then S is semi-prime. 


Proof. Clearly, sSs is b-dense in sSs. Hence, by 2.5", L°(S) & L°(sSs). We 
claim that the latter is actually L’(sSs) = L°(S). Indeed, this will follow 
from the lemma below, which asserts that all b-closed submodules of 555 are 
b-closed ideals in S. 

If S' = 0 then S'(\ S = 0, hence, also S' = 0, since S < S(Sg). For the 
remainder of the proof we may as well assume that S = Sand S' = 0. Suppose 
that A is a non-zero, nilpotent ideal of S, say A* = 0 and A*' # 0, for 
k>2. Let B = A*' and consider its b-closure B®. Now B < B"(Ss), 
BB’ C S, and B* = 0, hence BB” = 0. Applying 3.3", we obtain S = B’ @ C, 
where C is another ideal of S. Therefore BC C B°C =0, hence BS = 
BB’ + BC = 0. Since S' = 0, we deduce B = 0, a contradiction. Thus S 
contains no non-zero, nilpotent ideal, and so is semi-prime. 


6.5. Lema. If S is a ring such that L°(S) is complemented, S its maximal 


ring of right and left quotients, then any b-closed submodule of gS is a b-closed 
ideal of S. 


Proof. Let A € L*(sSs). By 3.3", S=A+B, AC\\B=0. Now ANS 

and B/\S are ideals of S, and 
(A MV’ S)\(BOS) CAN\B=0. 
By 2.5”, the b-closure of A (\ S in sSs is A and that of BO) S is B. 

Take any element a of A (\ S, then aB C S,a(B(\S) =Oand BI\S < 
B(Ss), hence aB = 0. Thus (A (\ S)B = 0. Arguing similarly on the other 
side, we obtain AB = 0. By symmetry also BA = 0, and so A and B are 
ideals of S. 

Let A’ be the d-closure of A in 3S3, then A < A’(Sg). But S < S(Ss), 
hence A < A’(Ss), by 1.7(t). Similarly A < A’(sS), and so A’ is contained 
in the b-closure of A in sSs, which is just A. Thus A’ = A, as required. 
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6.6. Johnson has shown in (12, I1}—among many other interesting results 
—that the annihilator ideals of a semi-prime ring form a complete Boolean 
algebra. This is also contained in the following: 


THEOREM. If S is a semi-prime ring, then L’(S) is a complete Boolean algebra, 
whose elements are the annihilator ideals of S. If S is the maximal ring of right 
and left quotients of S, then S is also sem1-prime, L*(S) = L(S), and the elements 
of L*(S) are the direct summands of S. 


Proof. Let S be semi-prime. We first verify the following condition: 

(*) For each ideal A of S there exists an ideal A* such that, for any ideal 
B of M, A (\B = 0 if and only if B C A’*. 

Indeed, let A’ be the right annihilator of A in S, then (A (\ A’)? C AA’ = 0, 
and so Af\A’ = 0, since S is semi-prime. If B is any ideal such that 
A(\B =0, then AB = 0, hence B C A’. Thus the condition holds with 
A* = A’. 


The following consequences of (*) are immediate: 


(1) A* is uniquely determined. 

@ 4¢ 4", 42° CC &. ACSwm PP C A*. 

(3) A — A*™ is a closure operation. 

(3) A** is the largest ideal of S in which A is a large S-S-submodule. 
(5) For any collection {A ;} 4.7 of ideals of S, 


(x A,)* = ()\A‘. 


iel iel 


(6) The ideals A of S such that A** = A form a complete Boolean algebra 
with set intersection as meet and * as complementation. The join of a family 
{A 4} ier Of elements of this Boolean algebra is given by 

VA;= (x A,)" =(n A‘)". 
ier iel ie! 


We omit the straightforward derivations of (1) to (6) from (*). Since we 
could also have taken A* = A‘, the left annihilator of A in S, it follows from 
(1) that A* = A’ = A‘. Thus the right annihilator ideals of S are the same 
as the left annihilator ideals. 

Next, we shall show that 


e*) A < A**(Ss). 


Take x € A**, 0 # s € S, we seek y € S* such that sy ¥ 0 and xy € A. In 
fact, we shall find y in S. We have apparently three cases: 


Case 1. sA # 0. Take y € A such that sy # 0. Then xy € SA CA. 
Case 2. sA* # 0. Take y € A* such that sy ¥# 0. Thenxy € A**A* =O CA. 
Case 3. sA = 0 and sA* = 0. Then s(A + A*) = 0, hence s € (A + A*)* 


= A*(\ A** = 0. Since s # 0, this case does not really arise. 








be 
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Now A** is a closed submodule of Ss, by 2.7 (1). Hence, by (**), it is 
the closure of A in Ss. By symmetry, it is also the closure of A in 55, hence 
it is the b-closure of A in sSs. Thus the annihilator ideals coincide with the 
b-closed ideals, and so L’(S) is a complete Boolean algebra, by (6) above. 

It follows from 6.4 that L°(S) & L°(S) and that S is semi-prime. Hence 
the annihilator ideals of S are also the b-closed ideals of S, and these are the 
direct summands of S, in view of 3.3°. The proof is now complete. 


6.7. The Dedekind—MacNeille completion of a partially ordered set S is a 
complete lattice, whose elements are the subsets of S of the form (see (1, p. 
58, Theorem 12)): the set of all lower bounds of the set of all upper bounds 
of a non-empty subset K of S. The following corollary to Theorem 6.6 contains 
a new proof of the main result of (2) for Boolean rings with 1. 


COROLLARY. The Dedekind—MacNeille completion of a Boolean ring with | 
is given by 


L*(S) 2 LS) =S=S. 


Proof. Let K be any non-empty subset of S, then the set of its upper 
bounds is 


K’ = {s € S| Ween sk = k} = {s € Sl 1 —s € K*}, 
and the set of all lower bounds of K’ is 
ft € S| Wee st = t} = {t € S| K*t = 0} = K™. 


Thus the Dedekind—MacNeille completion of S consists precisely of the anni- 
hilator ideals of S, hence coincides with L°(S) = L°(S), by Theorem 6.6. Now 


it is easily verified that S = S is a Boolean ring (see (2, Corollary 2)). There- 
fore L°(S) = S, by the last part of Theorem 6.6. 


6.8. We have called a ring semi-prime if it has no non-zero, nilpotent ideals. 
It is known (see, for example (9, p. 196)) that a semi-prime ring may also 
be characterized as a ring in which the intersection of all prime ideals is 0. A 
prime ideal of S is any ideal P such that S — P is a prime ring. The following 
two assertions are equivalent characterizations of prime ideals: 

(a) For all ideals A and B, if AB C P then A CP or BCP. 

(b) For all elements s and s’, if sSs’ C P, then s € Por s’ € P. 

In what follows, A(S) will denote the set of proper prime ideals of S. 

It is easily verified that, for any ideal A of a semi-prime ring S, 


A*=(\iP€ A(S)| A CP}. 


This was used in a different approach to Theorem 6.6 by the author in (Amer. 
Math. Soc. Notices, 7 (1960), p. 92). It turns out that every proper prime 
ideal P is either b-closed (P** = P) or b-dense (P** = S) in S. The former 
are also the maximal proper b-closed ideals of S. 
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Condition (*), which is responsible for associating a Boolean algebra with 
the ring S, might also hold for rings which are not semi-prime. It can be 
shown that (*) is in fact equivalent to the vanishing of the intersection of all 
ideals P’ of S such that 


A(\B=0=> either ACP’ or BCP, 


for any ideals A and B. A similar result holds for modules, but it would take 
us too far afield to go into further details here. 


6.9. As was pointed out by McCoy (16), the set A(S) of proper prime 
ideals of a semi-prime ring becomes a topological space under the usual 
Stone topology, the open sets being precisely the sets 


rA = {Pe AS)|A CP}, 


where A is any ideal of S. 
If V is any open subset of A(S), we introduce the ideal 


AV = (\pev P. 


Then ATA = A%*, the annihilator of A. On the other hand, TAV = V* is 
easily seen to be the interior of the complement of V, also called the exterior 
of V. A set of the form V* is called a regular open set. The open set U is regular 
open if and only if (U+)+ = U. 


THEOREM. Jf S is a semi-prime ring, the mapping A — TA is an isomorphism 
of the complete Boolean algebra of annihilator ideals of S onto the aigebra of 
regular open sets in the prime ideal space AS). 


Proof. One easily verifies that [T'(A*) = (TA)4+ and (A (\B) = (A) 
(\ T(B), for annihilator ideals A and B. Thus T is a lattice homomorphism. 
Now ATA is the inverse mapping of I; for let A be any annihilator ideal, 
V any regular open set, then 


(ATA)PA = (A*)* =A, 9P(ATA) V = (V4)+ = V. 


The analogous result for maximal ideal spaces of commutative semi-simple 
rings with 1 was recently obtained by Fine, Gillman, and the present author. 
The proofs of these two results are practically identical. 


7. On the structure of semi-prime rings. We wish to present some 
results on the structure of semi-prime rings, which resemble those of Dieu- 
donné (3). We require three lemmas which we have stated together for con- 
venience. 


7.1. Lemma. Let S= C @ D as a direct sum of rings. 

(1) If S is a b-complete ring, then so is C. 

(2) L°(sCs) = L*(C). 

(3) sCgs is a b-complete bimodule, if C is a b-complete ring, and S' = 0 = S’. 
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Proof. 

(1) Let A <¢ B(Cc), A < B(cC), and @ € Home,¢(A, C). We may turn 
A and B into S-S-bimodules by demanding that DB = 0 and BD = 0. Then 
also A < B(Cs) and A < B(sC). Now @ may be regarded as an element of 
Hom s,s(A,.5S), hence it may be extended to an element ¥ of Homsg 5(B, C). 
Then ry € Home,c¢(B, S) extends ¢, where z is the projection C @ D — C. 

(2) If A € L(sCs), a striaghtforward argument shows that A € L°(C). 
The converse is a bit more difficult: Let A be a d-closed ideal in C, B its 5- 
closure in sCs. Then A < B(Cs), and so, for any 6 € B and 0 ¥ ¢ € C, we 
can find x € S* such that bx € A and cx = 0. Now x =c+d+2z, where 
c € C,d € D, and z is an integer. Since bd = 0 and cd = 0, we may as well 
take d = 0, so that x € C?. Thus A < B(C¢) and, by symmetry, A < B(¢C). 
Since A was a b-closed ideal of C, we have A = B, and so A is also b-closed 
in sCs, as required. 

(3) Let A < B(Cs), A < B(sC), and @ € Homgs.s(A, C). LetO #cEC 
and 6 € B, we can find x € S? such that cx ¥ 0 and bx € A. Now S' = 0, hence 
cxC = cxS ~ 0, and so there exists c’ € C such that cxc’ ¥ 0. But dbxc’ € A 
and xc’ € C, hence A < B(C¢). Similarly A < B(¢C). Since C is b-complete, 
¢@ can be extended toy € Hom¢,¢(B, C). We will show that ¥y € Homs,s(B, C). 

Indeed, it suffices to show that ¥(db) = d(Wdb), for any 6 € B and d € D. 
Given d, the mapping b — ¥(db) belongs to Hom¢(B, C), and (dA) = (dA) 
= d(¢A) = 0. Now we recall that A < B(C¢), hence ¥(dB) = 0. Since also 
d(WB) C dC = 0, the result follows. 


7.2. Proposition. Jf S is the weak direct sum of the set of rings {S;} 47 and 
S' = 0 = S’, then its maximal ring of right and left quotients S is the complete 
direct sum of ihe S,. 


This is the two-sided analogue of (17, 2.1). 


Proof. We shall prove this in three steps. 


(1) A complete direct sum of b-complete bimodules is b-complete. 
Indeed, let 


M= I] M, 


iel 


where the M, are b-complete R-S-modules. Suppose A < B(Ms) and 
A < B(gM). Let ¢ € Homgs(A, M). Since there is a well-known mono- 
morphism of M, into M, we have A < B(M,s) and A < B(,M,). Now let 
a, be the canonical epimorphism of M onto M,, then r,¢@ € Hom, s(A, M,). 
By 5-completeness of M,, this may be extended to ¥; © Hom,g.s(B, M,). By 
definition of direct products, there exists a unique y © Homg.s(B, M) such 
that rw = y, for all « € J. Now, for any a € A, 2,(ya) = Ya = x;(¢a), 
hence ya = ¢a, and so y extends ¢. 
(2) If 


sat @ 


ter 
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is the weak direct sum of rings S;, and 7; is a ring of right quotients of S,, 


then 
T = [| T, 
iel 


is a ring of right quotients of S. 

Actually we only require the known case S' = 0. In the general case one 
might proceed thus: 

Let ¢ € T, s € S. Denoting by ¢,; the ith component of ¢t, then (ts); = t,s, 
€ T,S,; C T;,, hence T isa right S-module. We claim that S < T(Ts). Indeed, 
let t’ # 0 and ¢ € T, we seek x € S such that ¢t/x # 0 and tx € S. 

Since ¢’ # 0, there exists k € J such that ¢,’ # 0. Now 7; is a ring of right 
quotients of S,, hence we can find x, € S,* such that ¢,’x, # 0 and t,x, € S,. 
Putting x, = 0 for i # k, we obtain an element x of S*, for which it is easily 
verified that t’x ~ 0 and tx € S. 

(3) We now prove the proposition. By (2) and symmetry, 


T=]] §, 


iel 


is a ring of right and left quotients of 


ta ¥ ¢, 


iel 


Now each of the S; is b-complete as a ring, hence also as a 7-7-bimodule, 
by Lemma 7.1. Therefore, by (1), T is also b-complete. Now T < S(7s) and 
S < T(Ts), hence T < S(Tr), by 1.7 (¢). By symmetry also T < S(,rT), 
hence T = S. 


7.3. We recall that a ring is called b-complete if it coincides with its maximal 
ring of right and left quotients. 


THEOREM. If S is a b-complete semi-prime ring, then S = C @ C*, where C 
is the socle of L”(S). Let {A} ier be the set of all atoms of L°(S), then 
c= IIA,, Ct = N\A-. 
iel iel 


The A, are b-complete prime rings and C* is a b-complete semi-prime ring such 
that L®(C*) has no atoms. 


Proof. Since L’(S) is a Boolean algebra, it is a complemented distributive 
lattice. By 2.9", the socle C of L’(S) is the b-closure of the weak direct sum 
of the A,, and by 6.6, S = C ®@ C*. By Lemma 7.1, C and C* are also b- 
complete rings. The A, are prime rings by 2.6 and 6.3, they are b-complete 
by 7.1. 

Let B be the sum of the atoms of L’(C), then C is the d-closure of B in 
S, hence B < C(Ss), and so B < C(Cs). We claim that B < C(Cz3). 

Indeed, let c’ 0 and c,c’ € C. Since S' = 0, we have cS #0. But 
c’C* = 0, hence c’C # 0. Now B < C(Cs), hence c’B # 0. Thus we can pick 
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b € B such that c’b ¥ 0. Since B is an ideal of C, we also have cb € B, and 
therefore B < C(Cz). 

By symmetry also B < C(,C), and so C is a ring of right and left quotients 
of B. Since C is b-complete, C = B, the maximal ring of right and left quo- 
tients of B. By 7.2, we have 

C2] A. 


tel 


We now turn our attention to C*. We have 


en =e on . 

C*=B B = (2 4) = At 
As pointed out before, C* is a b-complete ring. Suppose there is an atom A 
of L’(C*). By Lemma 7.1, this lattice is the same as L’(sC*s). Now all d- 
closed submodules of sC*s are b-closed ideals of S, by 2.6". Thus A is a 
b-closed ideal of S. 

Suppose A contains the non-zero ideal J of S, then J < A(C*s), and so 
J is a large submodule of S, hence A C J**, by (4) in the proof of 6.6. In 
view of 6.6, A is contained in the d-closure of J. Thus A is an atom of L”(S). 

Now all atoms of L(.S) are contained in the socle C, hence A C Cf\ C* = 0, 
a contradiction. Therefore L’(C*) has no atoms. To see that C* is semi-prime, 
assume that N is a nilpotent ideal of C*. Then N is also a nilpotent ideal of 
S = C®@ C*, and so N = 0, as required. 


7.4. An immediate consequence of the preceding theorem is the following. 


Coro.iary. Jf S is a semi-prime b-complete ring whose Boolean algebra of 
annthilator ideals is atomic, then S is a complete direct product of b-complete 
prime rings. 


Theorem 7.3 reduces the study of all b-complete semi-prime rings S to 
three special cases. 


Case 1. S is a b-complete prime ring with non-zero socle. This case is com- 
pletely described in terms of dual vector spaces by 5.5 and 5.6. 


Case 2. S is a b-complete prime ring with zero socle. Section 4 throws some 
light on prime rings with zero socle, but it is not clear whether this is helpful 
here. 


Case 3. S is a b-complete semi-prime ring for which L°(S) has no atoms. 
Such rings are very common, as the following example shows. 


7.5. Example. Let X be a compact Hausdorff space without isolated points. 
Following (6), we consider the ring C(X) of all continuous functions from X 
to the real line, under point-wise addition and multiplication. With every 
point x € X there is associated a maximal ideal M, = {f € C(X)| f(x) = 0}, 
and every maximal ideal has this form. Clearly (,..M, = 0, hence C(X) is 
semi-prime (even semi-simple). Since X has no isolated points, also 
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(\eex-tzo)}M, = 0, for any point x» € X. It is known (6, 2.11) that every 
prime ideal P is contained in a unique maximal ideal Mp. Let F be the set 
of all prime ideals, then 


Pr=\iP'c A PCP} COM, ¥ Mp| x € X} =0. 


Now it is not difficult to show, for any semi-prime ring, that every maximal 
proper annihilator ideal has the form P = P**, where P is a prime ideal. Here 
P** = 0* = C(X), hence there are no maximal proper annihilator ideals. 
Therefore the Boolean algebra of annihilator ideals has no atoms. 


7.6. One can also obtain a kind of converse to Theorem 7.3. We shall 
here be content to remark one (probably well-known) fact. 


LEMMA. A complete direct product of semi-prime rings is semi-prime. 


Proof. First we observe that, if S = C @ D as a direct sum of rings, then 
any prime ideal P of C gives rise to a prime ideal P + D of S. 

Now let {.S;} «<z be a set of semi-prime rings, S their complete direct product. 
Let s € S and suppose that s lies in every prime ideal of S. In view of the 
above observation, the component s; of s in S; lies in every prime ideal of 
S,. Since all S; are semi-prime, s; = 0, for all 7 € J, hence s = 0. 


COROLLARY. A complete direct product of b-complete semi-prime rings is a 
b-complete semi-prime ring. 
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SOME TWO-DIMENSIONAL UNITARY GROUPS 
GENERATED BY THREE REFLECTIONS 


D. W. CROWE! 


1. Introduction. Shephard and Todd (5) give generators for the finite 
primitive irreducible groups generated by two unitary reflections in U2. It is 
the purpose of the present paper to give generating reflections, and defining 
relations in terms of these reflections, for the seven such groups requiring three 
generating reflections, that is, for their nos. 7, 11, 12, 13, 15, 19, 22. The 
reflections are chosen whenever possible so that their product has the property 
suggested by Theorem 5.4 of (5). That is, except for no. 15, the period of the 
product of the three generating reflections isk = mz + 1, and the characteristic 
roots of this product are 2xim,/h and 27im2/h, where m, and mz, are the “‘ex- 
ponents” (5, p. 282) of the group. The reason for the impossibility of such a 
choice for no. 15 is given in § 4. In § 5 the homomorphisms between these 
groups and certain groups of motions in elliptic 3-space are determined. 

As in (5), w = exp 27i/3, « = exp 27i/8, and » = exp 2217/5. The order of 
group @ is |@|. The identity element of a group, and the 2 X 2 identity matrix, 
are both designated by E. The notation Z—S,T means ZS = SZ and 
ZT = TZ. 


2. Groups 7, 11, 19. In terms of the generators 


_ (-1 6 ah! 4) 7 2 (2 *) 
s=o(- $). r=25() _i), and ais Ok 


the defining relations for no. 7 (5, pp. 280-1) are 
2.1 22 Z° T*=E, (ST) = Z', 
Z42%2£E, Z25S,T. 
We let 
y te R, = SZ*, R: = T, R; = (STZ*)—. 
Then it can be readily verified that R;, Ro, and R; are reflections, and that 
2.1 and 2.2 imply 
2.3 Ri = Ri = R3}= E, (RiR;)* = (R3R;)*, 
and 
Ri RR; = R2R;3R, = R;:RiR2 
2.4 z = Ro, S = (R,R2R3)?R3, & = (R3Ri Re). 


Received January 4, 1960. This paper is a portion of the author’s Ph.D. thesis at the 
University of Michigan, prepared under the direction of Professor H. S. M. Coxeter. 
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Conversely, 2.3 and 2.4 together imply 2.1 and 2.2. First, note that 
Z” = (R:RiR:)-” = (R:R:)-" Rr” = E, 
since 2.1 implies (R;R,)'* = E (2, p. 77). Thus 
S*? = (Ri R:2R;)'R? = Z-* = Z', 
since R; = R,R2R;. Certainly 


7’ = R}=E, and (ST)* = [(R:R2R;)*R:R2]* = (R:R:R:2)* = Z', 
since R; ym 4 Ri Ro. Finally, 
R, = SZ*, R; = T, 


and 
Rs = R2'R;'Z"' = T'S 'Z = (STZ*)™. 

In Table I we give the generating reflections and defining relations for the 
seven groups we consider. The proofs that the given relations for nos. 11 and 
19 are equivalent to those given in (5) are so similar to the proof just given 
that they are omitted. In each case Z = (R,R2R;)~'. For no. 11, (RyR;)™" = E; 
for no. 19, (R,R;)* = E. 

If G@ = {R,, Rs} is an arbitrary group defined by relations between its two 
generators R,; and R;, and if the group § = {R, Re, R3} is defined by the 
defining relations for G together with R2* = Eand R,R2R; = R2R;:R; = RRR 
then || = n|G|. In the present case we can be more specific. Denote by 
pi(2n|p2 the group defined by 


R’ = Ri? = E, 
Ri RR, ... = RsRiR;.. . (2n factors on each side) (2, p. 80). 


Lemma. If the period m of (R,R;)" in p;[2n]p2 is prime to n then the direct 
product p,|2n\p2 X ©, can be presented in the form 


R” = R." = R,”* = E, (R,R;)" = (R;R)", RRR; = R.R;R, = R;R,R2. 


Proof. We need only show that we can find an element P in {R,, Ro, Rs} 
but not in {R,, R3}, such that P is of period nm and P = R,, R;. Since m is 
prime to m we can find some multiple of m, say r, such that r = 1 mod n. Let 
P = (R3R))’R2 Then P" = (R3R;)"R" = E, since Re R3R;. Using the 
fact that R,, R; = (R3R:)""! we have RiP = R(R3R))’R: = (RR) 
RiR:RiR2 = (R3R1)"", Ri RRR: = PR, and R3sP = R3(RRi)'Re = (RR) 
R;:R3Ri Ro (R3R1)’ "RR RoR; PR,. This completes the proof. 


II 
ll 


From this we get immediately 
THEOREM 2.1. 
(i) No. 7 
(ii) No. 11 
(iii) No. 19 


2(6|3 X GC; 
2(6]4 x &; 
2(6|5 X Gs. 


WN We We 
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Proof. The values of n, m, r are as follows (2, p. 76): 


(i) #2 = 3, mur= 4 
(i) 2 = 3, m = 8, r= 16 
(ii) «2 = 3, m=20, r= 40. 


3. Groups 12, 13, 22. The appropriate generators and defining relations 
for nos. 12, 13, and 22 appear in Table I. The given relations for no. 12 imply 
(RiR;3)* = (R2R;3)* = E. If the relation (R2R;)* = Eis replaced by (R2R;3)*=E 
the resulting group has half the order of no. 12. It is Coxeter’s [1'1 1]? > S, 
(1, p. 248). The relations for no. 22 imply (R,R;)* = E. If the relation 
(R2R;)* = E is replaced by (R2R;)* = E the resulting group has half the 
order of no. 22. Slightly extending Coxeter’s notation it is [1 1° 15]*. Although 
its order is 120 it is not Ss. By analogy with nos. 12 and 22 it might be 
expected that no. 13 could be defined by S;? = (S,S2)* = (S,S;) = (S2S;)* = 
S1S2S3S2S1,S352S; = E. However, there is no choice of three of the 18 reflections 
in no. 13 having products of these periods. 

It can be verified directly (as was done for no. 7) that the tabulated relations 
for these three groups are equivalent to those of Shephard and Todd. However, 
these calculations are tedious and unenlightening. It is more convenient to 
use the method of enumeration of cosets (2, pp. 12-17). Enumeration of the 
4 cosets of the subgroup {R2, R;} (of order < 12) generated by R: and R; 
shows that the relations given for no. 12 define a group of order < 4.12. But 
since the generators S, 7, Z are in this group the order is also > 48. Exactly 
similar arguments apply to nos. 13 and 22. In the former the subgroup { Ro, R3} 
is of order < 16 and has 6 cosets. In the latter the subgroup { Re, R;} is of 
order < 12 and has 20 cosets. 

An alternative set of generating reflections for no. 12 is P; = R;, Ps = Ro, 
P; = R:R3R,;. The corresponding defining relations are P,;? = (P,P,)*? = 
(P,P;)* = E, Pi(P2P3)? = (P3P:2)*P;. These imply (P2P;)* = E. Analogous 
generating reflections for no. 22 are P; = — R3R:R2RiRz, P2 = — Ri, 
P; = Ro. Defining relations are P? = (P,P:2)* = (P\P;)* = (P2P;)" = E, 
P,(P2P;3)*P2 = (P3P2)*P3;P;. These might be considered analogues of the 
tabulated definition for no. 13 since the relation (R,R:2)? = (R2R3)4 of no. 13 
implies both R;(RiR2)? = (R2R:)?R; and Ri(R2R;)* = (R2R3)*R:. 


4. Group 15. Generating reflections and defining relations for no. 15 
appear in Table I. The sufficiency of the definition can be verified by enumera- 
ting the 6 cosets of {R2, R3} (of order < 48). 

The exponents of this group are 11 and 23. We proceed to show that no 
matrix in the group has characteristic roots exp 277 11/24, exp 2ri 23/24. 
Thus, a fortiori, no product of generating reflections has these characteristic 
roots. We first note that no. 12 is a subgroup of index 6 in no. 15. In fact 
no. 12 is generated by 2S, and 7); its only scalar matrices are + E. No. 15 is 
generated by 2S; and iw7;, and contains Z = — wE. That is, the elements 
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of no. 15 are of the form MZ", n = 0,1,...,5, where M is a matrix of no. 12. 
Now suppose MZ" = (a,,) has characteristic roots + exp 2ri 11/24 for some 
choice of M and n. This implies a,; + a22 = my, + m2 = 0, where m,, and 
m2 are the diagonal entries of M. The 18 matrices in no. 12 having this 
property are its 12 reflections and 


#(, {)-+( g)-#(4 @)- 


The former have characteristic roots + 1, the latter + i. Since no product 
of + 1 or +17 by a power of — iw = exp 2ri/12 yields + exp 27i 11/24, we 
conclude that no matrix in no. 15 has these characteristic roots. 


5. Homomorphisms with Goursat’s groups. In this section we assume 
knowledge of (3). Groups %, ®, [, r of Clifford translations corresponding to 
each of the present groups can be determined from quaternion representations 
of R,, Re, Rs. These all appear in Table II. They determine groups 2:1 homo- 
morphic to certain groups of motions in elliptic 3-space given by Goursat (4). 
In fact, the latter groups are determined by isomorphisms {’/{' = ®’/r’ where 
g’, R’, U', c’ are the polyhedral or cyclic groups corresponding to the binary 
polyhedral or cyclic groups %, ®, [, r by 2:1 homomorphism. 

The subgroups generated by pairs of generating reflections are groups of 
regular complex polygons. These have been found, after 2 and ®, by reference 
to the Table in (3). There are some possible ambiguities in this determination, 
which can all be readily resolved. For example, the subgroup { Re, R;} of no. 7 
has {=> Gs, R = (2,3, 3). Reference to the Table of (3) shows that this 
applies to either 3[4]3 or 3[3]3. But the generators 


A? 9 ae SE 4 
0 1 V2\1 -i 
(5, p. 281) of the larger group 3[4]3 are both in { Re, R;}. Therefore { Re, Rs} 
is 3[4]3. 

We summarize the results of Table II. For a given group @ let the periods 
of the tabulated generating reflections R;, Re, Rs be 1, po, ps. Let the col- 
lineation group of @ be (2,3, ¥v). (For no. 7, v = 3; for nos. 11, 12, 13, 15, 
v = 4; for nos. 19, 22, vy = 5.) Let 3 be the centre of G. 


THEOREM 5.1. The group © = { Rj, Re, R3} is 2:1 homomorphic to the group 
of motions in elliptic 3-space defined by the isomorphism %/\' = R'/t' where 

(a) & and I’ are cyclic groups. 

(b) |£’| = Le.m. {p1, po, ps}. 

(c) 2|l'| = |B). That is, except for no. 15, 2\I'| is the period of the smallest 

power of RiR2R3 which is central. 

(d) R’ ts (2, 3, v). 

(e) rv’ is the unique normal subgroup of R’ such that |®’| \r’| = |R’| ||. In 
fact, except for no. 12, t' = R’ and >. 
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MOULTON PLANES 
WILLIAM A. PIERCE 


1. Introduction.' In 1902, F. R. Moulton (12) gave an early example 
of a non-Desarguesian plane. Its “points’’ are ordered pairs (x, y) of real 
numbers. Its “‘lines’” coincide with lines of the real affine plane except that 
lines of negative slope are ‘‘bent’’ on the x-axis, line {y = 6 + mx}, for negative 
m, being replaced by {y = 6 + mx ify S 0, y = [m/2]-[x + (b/m)] if y > 0}. 
A certain Desarguesian configuration in the classical plane is shifted just 
enough to vitiate Desargues’ Theorem for Moulton’s geometry. The plane is 
neither a translation plane (““Veblen—Wedderburn” in the sense of Hall (7), 
p. 364) nor even the dual of one (Veblen and Wedderburn (17). It is natural 
to ask if the same construction is feasible when real numbers are replaced by 
elements from an arbitrary field. If the construction does work—what geo- 
metric properties, what co-ordinate systems, and what collineation groups are 
obtained? Are the planes essentially ‘“‘new’’? In this paper and in a forth- 
coming sequel, I construct “‘Moulton planes’’ over a wide class of fields and 
answer relevant questions about their geometries. The classical ordering is 
replaced by a generalization of positives and negatives—the appropriate 
concept being that of ‘‘pseudo-order” used earlier by Dickson (5), Kustaan- 
heimo (9) and (10), Pickert (13), Sperner (16), and others. The ‘‘positive’’ 
elements of F shall consist of a multiplicative subgroup P having index 2; 
and the “negatives,” the other coset of non-zero elements. The product of 
positives,” or of two “ 
‘negative’’ and a ‘‘positive’”’ is 


two negatives,” is still ‘‘positive’’—while the product 
negative.’ (Write x > 0 or x < 0 accord- 
ing as x € P or x¢ PU {0}; say that non-zero elements x and y have the 
same or opposite “‘sign’’ according as x/y > 0 or < 0.) The field F is ordered 
in the usual sense if and only if P is closed under addition. The ‘‘pseudo- 
ordered”’ fields include ordered fields as special cases: rationals, reals, etc., 


‘ “ce 


ofa 


4 


under the standard order. A single field, F, may admit more than one 
order.”’ For example, an unfamiliar definition of 
exists on the rationals as follows. Given any (rational) prime , a rational 


pseudo- 


“posi tive’’ and “‘negative”’ 
number, r, is uniquely expressible in the form (p‘a)/b where 7 is integral, a 
and 6 denote (rational) integers prime to p, and a/é is reduced to lowest 
terms. For a # 0, one may call r “positive” or ‘‘nezative’’ depending on 
whether z is even or odd. The rationals are not ordered under this definition 
of ‘“‘pseudo-order.”’ (For instance—given a prime p, and any non-zero intege* 
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cations, and extensions—especially the connection between this paper and cartesian groups. 
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b prime to p, [(p — 1)/b] + [1/6] = p/b, showing that the sum of two “‘posi- 
tives” can be “‘negative.’’) 

Another non-trivial ‘‘pseudo-order” can be constructed as follows. Let F(x) 
denote the field of rational forms over a field F. A quotient f(x) /q(x), reduced 
to lowest terms with f(x) -¢g(x) # 0, is > 0 or < 0 according as the difference 
of degrees, 6(f) — 6(q), is even or odd. 

A multiplicative subgroup P of index 2 must contain all non-zero squares. 
On the other hand, P may or may not consist only of squares. Under the 
usual ordering, positive real numbers are all squares—positive rationals are 
not. (Note that the “positive’’ rationals are not necessarily squares under 
the alternative ‘“‘pseudo-order”’ described above.) What if F is finite? In the 
case of characteristic 2, x — x* is an automorphism, F contains only squares, 
and no “‘pseudo-order”’ is possible. In finite fields of odd characteristic, how- 
ever, the powers of a primitive element indicate that at least half of the non- 
zero elements are squares; since any equation x? = do’, with a» ¥ 0, has two 
distinct solutions, the map x — x? cannot be “‘onto’’; so the squares form a 
proper multiplicative subgroup—and that subgroup has index 2. 

Dickson (5), studying equations over finite fields, used non-zero squares 
as ‘‘positives’’ in his effective treatment of discriminants. Sperner (16) used 
the more general concept of ‘‘pseudo-order’’ to investigate relations between 
algebraic semiorder and geometric order. Recently, Kustaanheimo (9) has 
utilized the same concept to develop order and congruence relations for finite 
geometries. He has suggested the intriguing possibility that such ideas may 
be applied to problems of quantum physics—where some of the difficulties 
encountered are not necessarily intrinsic, but may stem from the imposition 
of infinite models on finite situations. 

My own interest in Moulton’s construction—especially over finite fields 
has motivated Carlitz to prove two basic theorems. The statements of his 
results require a preliminary definition, which will also be needed later. 


Definition 1. A single-valued function @ on a field F is called ‘‘order-pre- 
serving” if and only if [@(u) — (v)|/(w — v) > 0, for all distinct u,v © F; 
“monotonic” if [@(u) — ¢(v)]/(u —v) retains the same “‘sign,”’ for all 
uve F. 

(A). (Carlitz (3)). If F denotes a finite field of odd characteristic, the 
most general one-to-one monotonic function, ¢, on F is given by $(x) = 
a-o(x) +6 (where o is an automorphism; 8, a € F with a #0). According as 
a>0O or a <0, ¢ is order-preserving or reversing. If ¢(0) = 0, ¢(1) = 1, 
then ¢ is an automorphism. 

(B). (A generalization of the above, unpublished, but contained in a written 
communication to me.) Assume that F has order p", where p is odd. Put 


v(a) = aio», 


and let Ay = +1,...,Ax, = 41. Let f(x,,...,x,) be a polynomial with 
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coefficients in GF(p") such that ¥{f(xi,...,%,,...,%%) — f(xy... 59 ees 
Xx)} = Aw (x, — y,) for all r = 1,..., 2% and all x,, y, in GF(p"). Then 


Sf (x1, . 6.5%) = Ce P+... + ey?" +d, 


where ¥(c;) = A, and 0 <r, <n. 


2. Definition and construction of ‘‘Moulton planes.”’ Throughout 
this paper, I shall assume that a “pseudo-order’’—hence a multiplicative 
subgroup P of index 2—exists and has been specified on a given field F. Terms 
and symbols of “‘order,’’ “‘inequality,”’ etc. will refer to the designated ‘‘pseudo- 
order’; they will no longer be enclosed by quotation marks. It will be con- 
venient to replace the x-axis by the y-axis as the line along which “‘bending”’ 
occurs. 


Definition 2. Let @ denote a one-to-one function of a given field F onto 
itself. A Moulton construction, C,(F), consists of “‘points’’ and classes of 
‘“‘points’’—called “‘lines’’—in which: 


(i) Each “point” is an ordered pair (x, y) of elements € F. 

(ii) Each “‘line’’ consists of all “‘points’’ (x, y) satisfying an equation of 
the form {x =c}(c € F), or {fy =b+mox}(b,m€ F), where mox is 
defined from the field multiplication by mox = mx or $(m) - x according 
as x > 0 or x < 0 [a “line” of the latter type is said to have “‘slope’’ m]. 


Definition 3. A Moulton plane is a construction, C,(F), whose ‘points’ 
and “‘lines” form an affine plane. If C,(F) is such a plane, it will be denoted 


by M,(F). 


Remark. When convenient, M,(F) will also be regarded as the projective 
plane obtained by adding ideal elements to the affine Moulton plane. 


3. Geometry of Moulton planes. 


THEOREM 1. A construction, Cy(F) forms a Moulton plane if and only if: 
(a) The function is order-preserving. 


(b) Given any negative no © F, x — |o(x) — nox] maps F onto F. 


Proof. Two distinct “points” determine a unique “‘line’’ except possibly in 
the case of non-zero abscissae having unlike signs. Given up < 0, po > 0, 
vo, go © F, the existence of at least one “‘line’’ (uo, vo) U (Po, go) amounts to 
the existence of m € F such that (wo, v9) satisfies y = o(m) - x + (qo — mpo), 
that is, of an m for which $(m) — [po/uo] - m = (vo — go)/uo. Such an m 
exists for all (uo, v0) and (po, go), with uw <0, po > 0, if and only if con- 
dition (b) holds. Suppose (Fig. 1) that both (wo, v9) and (po, go) belong to 
lines of “slope’” m and mn, whence % = ¢(m) - uo + (go — mpo) and 
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Vo = O(n) + to + (Go — apo). Subtraction gives 0 = us - [o(m) — o(n)] — 
po: |m—n]. Unless m —n = 0, we get [o(m) — o(n)|/[m —n] = po/uo <0. 
Thus, order-preservation is sufficient to prove that not more than one “‘line’’ 
joins any two distinct “points.’’ Conversely, the existence of m # n such 
that [¢(m) — o(n)|/[m — n] = 1/ro < 0 would permit us to put vp = o(m) -ro 
— m = o(n) - ro — n, forcing (ro, vo) to lie on distinct “lines” of “‘slope’’ m 
and through (1,0). It follows that order-preservation is equivalent to the 
existence of at most one “‘line’’ through any two distinct ‘‘points.”’ 

Let us now verify Euclid’s parallel postulate. Two “‘lines” are “‘parallel’’ if 
and only if they coincide or have no point in common. An ordinary “point” 
(xo, Yo) must be shown to lie on exactly one “‘line”’ parallel to an ordinary 
“line” J. (i) If 2 is given by {x = c}, (xo, yo) lies on {x =a} if and only if 
a = x». On the other hand {x = c} intersects every “‘line’’ of the form {y = } 
+mox}. (ii) If 1 is given by {y=b+mox}, then (xo, yo) lies on 
fy =c+mox} if and only if c = yo — moxo. Form #n, ly = b6+mox} 
meets fy = d+ 0 x} inthe point (uo, + m o um), with uw = (6 —d)/(n — m) 
or (6 — d)/[¢(n) — o(m)] according as uy > 0 or up < 0. Such a up exists 
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since, according to (a), (6 — d)/(m — m) and (6 — d)/[@(m) — o(m)] have 
the same sign. 

The presence of three non-collinear ‘‘points’’ is trivial—(0, 0), (1, 0), (0, 1) 
for example. 


Coro.iary 1. If F ts finite (of odd characteristic), and if @ is one-to-one on 
F, then C,(F) is a plane if and only if @ preserves order. 


Proof. lf @ fails to preserve order, the theorem shows that C,(F) cannot be 
a plane. 
Assume, conversely, that @ does preserve order. Given 


no < 0, zt=— [(x) - Nox | 


is one-to-one ‘“‘into’’: 


o(u) — nou = o(v) — nw — o(u) — o(v) = mo - (u — v), 
which is impossible unless u = v. By finiteness, one-to-one ‘‘into’’ is “‘onto.”’ 


CoroLuary 2. If F is a finite field (of odd characteristic), and if is a one- 
to-one function on F, then C,(F) is a Moulton plane if and only if ¢(m) = 
a*-a(m) + 6, for some b,a #0 © F, and some automorphism c. In case (0) = 0 
and $(1) = 1, a plane is obtained if and only if o is an automorphism. 


Proof. This is a restatement of Corollary 1 in the presence of the Carlitz 


Theorem (3). 


Examples over the real field R (relative to the usual order). A construction 
C,(R) is a Moulton plane if and only if 9 is an increasing function of R onto 
itself—for instauce: 


(1) o(m) = m', 


(2) ¢(m) = m or pom(po > 0) according as m > 0 or m < 0 (the example 
originally given by Moulton); see also Pickert (13), p. 93, et seg. 


(3) (—2— /—m, form <0 
—2+m, for 0O<m< 1 


\{((— r? —r — 4)/2) + (r + 1) -m, forr<m<r+l1, 
| where r is a non-negative integer. 


LemMA 1. Any Moulton plane, M,(F), is isomorphic to a plane Mig-)(F) with 
¢’(0) = 0, ¢’(1) = 1. 


Proof. Initially, ‘‘lines’’ are given by {x = c} for c € F, and {y = 6 + mx} 
if x > 0; {fy = 6 + o(m) - x} if x < 0. Change co-ordinates, putting x = x’, 
y=y', if x >0; and x = cx’, y= y' + ax’, if x > 0, where a = $(0) 
[@(1) —¢(0)] and c=1/[¢(1) —¢(0)] with c>0 since ¢ is order-preserving. This 
transformation permutes “‘lines’’ {x = c} among themselves, maps | y= 6+ mx} 
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onto {y’ = 6 + mx’} for x 2 0, and {y = 6 + (m) - x} onto {y’ + ax’ = b 


+c-@(m) - x’} for x <0; the latter reducing to {y’ = b + [¢’(m)] - x’}, 
where ¢’(m) = c - d(m) — a, ¢'(0) = 0, and ¢’(1) = 1. 


THEOREM 2. Every Moulton plane can be represented by co-ordinates from a 
Cartesian group, G (in the sense of Pickert (13), p. 90). Addition for G coincides 
with that of F, but the multiplication, o, of G is defined as follows: uov = uv 
or $(u) - v, according asv > O orv < 0. 


Proof. Apply Lemma 1 to represent the given plane as M,(F), where 
o(0) = 0, (1) = 1. Since the elements of F already form a group under +, 
they will form a Cartesian group under the operations {+, 0} if and only if: 

(i) The non-zero elements form a loop under o. 

(ii) x€ F-Oox =x00=0, lox =xol =x. 

(iii) For all a,b,c,d€ F,raoc—aod=boc—bod-a=borc=d 
[Pickert (13), p. 90 (9))]. 

(iv) Given a,b,c € F, with a # 6,4 x F such that aox—- box =C 
(13), p. 90 (10)]. 

(v) Given a, b,c € F, with a # 6b, 9x € F such that xoa—xo0b=c. 
[(13), p. 90 (11)). 


In the presence of ¢(0) = 0 and ¢(1) = 1, properties (i) and (ii) are 
trivial. Property (iii) is immediate if c/d > 0, because a - (c — d) = 6 - (ec —d) 
or $(a) -(c—d) = $(b) -(c—d) according as c>0 or c<0. To prove (iii) when 
c/d < 0, use the symmetry between c and d to suppose c < 0, d > 0. Then 
(a) - c — ad = $(b) - c — bd — [o(a) — 9(d)] -c = (@ — Bb) - dé. Unless 
a = b, |o(a) — o(d)|/(@ — 6) = d/c < 0, contradicting the order-preserva- 
tion. 

To verify (iv), use x = c/(a — 5) if c/(a — 6) > O; otherwise, x = c 
[o(a) — o(6)]. 

Property (v) is obvious if ab > 0. Otherwise, after possible multiplication 
by n <0, we can assume a < 0, 6 > 0. Property (b) of Theorem 1 asserts 
that the map x — ¢(x) — (6/a) - x is “onto,” thus supplying the desired 
value of x. The representation of lines follows at once from the Moulton 
construction, and the proof of the Theorem is complete. 


Remark. The basic geometry of Moulton planes can be developed using 
direct, synthetic proofs. It is more efficient, however, to apply known results 
concerning Cartesian groups, as given by Pickert in Projektive Ebenen (13). 
Identify Moulton points (0,0), (1,1), X,, (the ideal point on the x-axis), 
Y,, (the ideal point on the y-axis), and the infinite point on {y = x}, with 
the respective points O, E, U, V, W, of Pickert’s co-ordinate system, and 
the (Moulton) ideal line, J, with line UU V ((13), pp. 31-32). Put the 
Hall ternary ((13), p. 35; Hall (6)), 7(u, x, v) = (wo x) +9, so that Moulton 
lines have equations of the form {x = c} and {y = 7(m, x, b)} (Pickert (13), 


p. 35). 


_ 
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THEOREM 3. Every Moulton plane ,M, is a Baer plane (Baer (1)), in the 
sense that it satisfies the Desarguesian (Y.,,1,.)-Theorem (Pickert (13), pp. 
74-76). Thus, M also satisfies the Reidemeister-condition for the (X., Y.., W)- 
web (‘‘Gewebe’’)—((13), p. 52; Reidemeister (15)). 


Proof. By Theorem 2, M can be co-ordinated over a Cartesian group. The 
present Theorem is then a restatement of Pickert’s Satz 36 ((13), top of p. 
100). 

Note. The direct proof of Theorem 3 would present a neat geometric picture 

-the y-axis being used as an auxiliary line. 


THEOREM 4. Jn a Moulton plane M,(F), with (0) = 0, (1) = 1, the 


following assertions are equivalent: 


(a) The Desarguesian (X,,, l..; Y.., {y = 0})—Theorem holds [this involves 
triangles perspective from X,,, with one pair of corresponding vertices, say 
P and P’, on {y = 0}; a pair of corresponding sides, QR and Q’R’, through 
Y..; and PR parallel to P’R’ if and only if PQ is parallel to P’Q’). 

(b) The plane M,(F) is a translation plane with axis |,, (Pickert (13), p. 
199; Hall (7), p. 364-a “ Veblen-Wedderburn"’ plane in the latter's terminology). 

(c) Desargues’ Theorem is valid. 

(d) The Cartesian group { +, 0} satisfies the right-distributive law u o (x + w) 
= (vox) + (uow), [(13), p. 99, (18)]. 

(e) The function ¢ is the Identity! (Cf. footnote.) 


Proof. Much of this Theorem is an immediate consequence of Satz 37 ((13), 
p. 100). By Theorem 3, M,(F) satisfies the Reidemeister-condition relative 
to (U = X,,, V = Y., W)—whence Pickert’s condition (b) of Satz 37 reduces 
to condition (a) above. By the associativity of addition, and by the “erste 
Zerlegbarkeitsbedingung,”’ 7(u,x,v) = uox +2, condition (c) of Satz 37 
reduces to (d) of the present Theorem. (Cf. Satz, 35, p. 99.) Each of (a) and 
(d) becomes equivalent to the Desarguesian (Q, /,,)-Theorem for two distinct 
choices—in this case X,, and Y,—of Q € /1,,, implying condition (b) of the 
present Theorem. 

It remains only to show that (d) — (e), since the Theorem will then follow 
trivially. Suppose @ ¥ P (the identity), and let ¢(u) # u, for u © F. If 
x <0, we get (wox) + (uol) = o(u) -x+u, and uo (x +1) = o(u) - 
(x +1) or u- (x +1), neityer of which equals [¢(u) - x + u]. Thus, ¢ # J 


implies that the right-distributive law cannot hold, and (e) follows from (d). 


Note. A direct verification of Theorem 4 could be based on the following 
neat proof that (a) — (e). Suppose ¢ non-trivial. Choose u and m such that 
o(u) # u,n <0, and m + 1 Ss O. Consider the triangles with vertices, (1, 0), 
(0,1), (0,5); and (m + 1,0), (m,1), (nm, — u). As triangles in the classical 


*The redundance of Theorem 4 may help to clarify the relation between this development 
and that of Pickert (13). Henceforth, all references will be to the latter work unless otherwise 
specified. 
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plane over F, they are perspective from X,,, axial from /,, have a pair of 
corresponding vertices on {y = 0} and a pair of corresponding sides through 
Y,,. In M,(F), all.these properties still hold except that (1,0) U (0, — u) and 
(mn + 1,0) U (m, — u) have respective Moulton “slopes” u and ¢~'(u)— 
violating the (X,, /..; Y.., {y = 0})-condition of (a). 


a 


THEOREM 5. Let M = M,(F) denote a Moulton plane where $(0) = 0, 
o(1) = 1. Each of the following is necessary and sufficient for M to be (Y.,, Y..)- 
transitive: 

(i) The (Y.,, »)-Desargues’ Theorem holds for every line n through Y.,. 

(ii) The left-distributive law (a + b)oc =aoc+boe its valid. 

(iii) The Cartesian group |+, 0} is a left quasi-field. 

(iv) The function ts additive. 


Proof. Condition (i) is a standard variation of (Y,, Y,,)-transitivity. Con- 
ditions (ii) and (iii) involve Satz 39 (page 101) and the definition of ‘‘Links- 
quasikérper.”” Let us check the equivalence of (ii) and (iv): the law 
(a+ b)oc = aoc + boc is automatic if c > 0; but forc < 0, (a + db) oc= 
aoc+boc if and only if [¢(a + 4)|-c = o(a)- c + o(d)- c; the latter holds 
for all c < 0, a, 6 € F if and only if ¢ is additive. 


COROLLARY 3. A finite Moulton plane M must be (Y.,, Y.,)-transitive. 


Proof. Use Lemma 1 to represent M as M,(F), where ¢(0) = 0, (1) = 1. 
By the Theorem of Carlitz, ¢ is an automorphism—in particular, it is additive. 


CoroLuary 4. If M,(F) denotes a finite Moulton plane with o(0) = 0, 
o(1) = 1, Conditions (i)—(iv) of Theorem 5 all hold in M,(F). 


Proof. The additivity of ¢ implies the remaining conditions. 


Remark. Examples already given show that the conditions of Theorem 5 
are not valid in every Moulton plane. 


THEOREM 6. If (0) = 0 and $(1) = 1, a Moulton plane M,(F) determines a 
Cartesian group with associative multiplication if and only if Desargues’ (X.,, 
{x = 0})-Theorem holds. Associativity of multiplication and the right-distri- 
butive law co (a+b) =coa+cob together are equivalent to Desargues’ 
(Y., {vy = 0})-Theorem. 


Proof. Since M,(F) satisfies T(m, x, b) = mox + b (“erste Zerlegbarkeits- 
bedingung’’), the first part of Satz 45 reduces to an equivalence between the 
associativity of multiplication and the (X,,, {x = 0})-Theorem. The second 
part of Satz 45 becomes the final statement of Theorem 6, since the right- 
distributive law is equivalent to T(m,x,mob) = mo (x + b) (‘‘zweite Zer- 
legbarkeitsbedingung’’) when 7(m, x, b) = mox + 6 (Satz 35). 


THEOREM 7. Let + and o determine the Cartesian group for a Moulton plane 
M,(F), where (0) = 0, (1) = 1. Then 


~ 
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(i) c > O wmplies (206) 0¢ = a0 (bo 0), for all a,b,c € F. 
(ii) c <0 and 6 > 0 imply (a0 6b) 0c =a0 (boc) for all a € F if and 
only if @ is multiplicative on F. 
(iii) c < 0 and 6 <0 imply (@0b) 0c =ao (boc) for alla é F if and 
only if (a) -b = @ "(a - $(6)). 


Proof. Note first that @ preserves sign, since ¢(0) = 0 and ¢ is order-pre- 
serving. 

(i) (@ob)oc = (a0 6) -c = X(a) - FC = ao (bc) =ao(l(boc), where 
}=¢or J (the identity) according as 6 <0 or 6>0. 

(ii) (@0 6) oc = o(ab) - c, and ao (boc) = g(a) - (6) - c [the multi- 
plicative property being exactly what we need]. 

(iii) (ob) oc = of o(a) - b} - c,andao (boc) =a - $(b) - c, whence the 
condition ¢(a) - 6 = @'(a - o(8)). 


CoROLLARY 7. Under the hypotheses of Theorem 7, the operation o is associa- 
tive if and only if o is multiplicative and ¢@ = ¢~'. 


CorROLLArRY 8. Under the same hypotheses, the Desarguesian (X., |x = 0})- 
Theorem is valid in M,(F) if and only if denotes a multiplicative function of 
order 2. 


Proof. This follows from Theorems 6 and 7, and Corollary 7. 


4. Collineations and isomorphisms on ,(/). A sequel to this paper 
will prove that some Moulton planes support a rather large group of collinea- 
tions. It will treat isomorphisms between Moulton rplanes, and will show 
that a large class of ‘“‘new”’ planes is obtained from the construction. 
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TETRASPHERES. I 
A. DE MAJO 


Les propriétés anallagmatiques de groupes de sphéres ont été étudiées dans 
des contextes divers ces derniéres années (voir (4), (5)). Dans la note qui 
suit nous étudions les propriétés anallagmatiques de certains groupes de 4 
sphéres, nous placant a un point de vue élémentaire. 

A fin de ne pas alourdir la rédaction nous omettrons de spécifier chaque 
fois que les points, droites ou sphéres considérés sont toujours supposés étre 
dans la position relative la plus générale possible compatible avec les définitions 
données. 

L’index 7 pourra toujours prendre les valeurs i = 1, 2, 3, 4. 


1. La configuration C,;:. L’on sait (voir p.ex. (3) p. 134) que étant 
données 4 sphéres en position générale les centres et axes de similitude de 
ces sphéres forment une configuration de Reye. 

Nous appelleront Cj. une telle configuration, et rappelons qu'elle est pro- 
jectivement équivalente 4 un cube, son centre et ses trois sommets 4 I’infini. 
On peut également considérer cette figure comme formée de trois tétraédres 
tels que deux d’entre eux sont homologiques par rapport 4 un sommet et la 
face opposée du troisiéme. Chaque aréte de l'un de ces tétraédres coupe une 
aréte de chacun des deux autres, et les deux points ainsi obtenus forment un 
quaterne harmonique avec les sommets du ler tétraédre sur cette aréte. On 
obtient ainsi un groupe de 12 points, formant une C,2, que nous dirons associée 
a la lére. Notons que Il’associativité est une propriété symétrique. 


2. Octades. Nous appelleront octade la figure formée par quatre couples 
de points, A, A‘, sommets de quatres arétes qui concourent au centre de 
l'octade. 

Les 24 droites joignant les 8 points donnés 2 a 2 et ne contenant pas d’aréte 
se coupent en 12 points, formant une Cj». Soit Cys’ la configuration associée. 
Si l'on dénote par A,» le point d’intersection des droites A,A, — A’A*, par 
A® celui des droites A,A’ — A,A%, les trois tétraédres associés A Cj.’ ont des 
couples d’arétes opposées de la forme 

(1) AgA%® — AggA®™, (11) AgAce — AWA™M, (ITT) AgpA® — AugA%. 


Les 32 droites joignant chacun des 4 sommets d'un tétraédre du type I ou 
Il aux 8 sommets de l’octade donnée concourent 4 par 4 aux 8 sommets d'une 
autre octade de méme centre. 


Recu le 10 janvier, 1960. 
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On obtient en tout trois octades de cette maniére et l'on prouve facilement 
la 


PROPOSITION 1. A chaque octade correspondent deux autres octades de méme 
centre, et ces trois octades sont associées d une Cis, de telle fagon que chacun des 
sommets de l'une des octades est aligné avec chacun des sommets de chacune des 
deux autres octades par rapport aux sommets de l'un des tétraédres associés 


a la Cy. 


Comme les sommets de deux telles octades se correspondent de 4 maniéres 
différentes de fagon que les 8 droites joignant les sommets correspondants 
soient concourantes, l'on démontre facilement que pour que les figures for- 
mées par les sommets de deux octades associées soient inverses l'une de l'autre 
par rapport a 4 péles différents il faut que: 

(a) Les produits OA;-OA ‘ soient égaux entre eux, ce qui implique que chacun 
des 4 couples de sommets opposés A ,A‘ soit commun a 3 d’entre 4 sphéres. 

(b) Deux quelconques de ces 4 sphéres se coupent suivant un angle égal 
ou supplémentaire a celui des deux autres. 

Nous établirons au § 10 que ces deux conditions sont non seulement néces- 
saires mais aussi suffisantes. 


3. Quadrisphéres. Nous appellerons quadrisphére (S) la figure formée 
par 4 sphéres S. 

Trois quelconques de ces sphéres ont en commun un couple de points. Le 
quadrisphére a donc 4 couples de sommets opposés A ;,A‘, formant une oc- 
tade. Les deux sommets opposés A ;A‘, alignés avec le centre radical O, sont 
inverses l’un de l'autre par rapport a la sphére S, orthogonale aux 4 sphéres 
données. 

L’inverse d’un quadrisphére est un autre quadrisphére, dont chaque angle 
est égal ou supplémentaire a l’angle correspondant de (5S), et ceci d’aprés 
l'emplacement du péle d’inversion. 

Une étude détaillée des possibilités correspondantes montre que: 


PROPOSITION 2. L’inversion ne peut donner pour les quadrisphéres inverses 
que huit dispositions angulaires différentes. 


4. Quadrisphéres de rayons donnés. Cherchons les points qui pris 
comme p6les d’inversion transforment le quadrisphére (S), dont les rayons 
sont r; en un quadrisphére (S’) dont les 4 rayons sont proportionnels a 4 
nombres donnés, e;. Chacun de ces péles est commun 4 6 surfaces, lieux des 
points tels que 
S ., “As 


Wp Tres 


(w, = puissance par rapport a S,). Or ce lieu se compose de deux sphéres 
appartenant au faisceau linéaire défini par S, et S,. Nous dirons que la 


St 


al 


—— 
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sphére S,,“* dont le centre est extérieur aux points 0,0, (centres des sphéres 
S, et S,) est extérieure. 

Chacun des péles cherchés peut étre ainsi entiérement défini par la con- 
dition d’étre commun 4 trois des 6 surfaces en question, par exemple: 


Sito Pq Sin 09 — Sic Pr Sic pr — Sia PS Sia ps. 


On obtient ainsi 8 couples de points communs a 3 sphéres orthogonales a 
S,, donc inverses l'un de l'autre par rapport a S,. 

On montre facilement que les centres des sphéres S,," forment une Cy». 

L’étude du cas ot les points cherchés sont tous réels est particuliérement 
intéressante, et l’on obtient alors la 


PROPOSITION 3. Dans le cas ot les 8 couples de points péles des inversions 
cherchées sont tous réels, ces couples correspondent biunivoquement aux 8 dis- 
positions angulaires que l'on peut obtenir par inversion. 


Si l'on impose au quadrisphére inverse uniquement la condition d’avoir 
ses rayons proportionnels aux nombres ¢;, sans considérer l’ordre des sphéres 
correspondantes le nombre des péles possibles est multiplié par 24, et l'on a: 


ProposiTION 4. D’un quadrisphére l'on peut déduire 384 autres quadrisphéres 
inverses du premier et tels que les rayons des sphéres qui les composent soient 
proportionnels & 4 nombres donnés. 


5. Quadrisphéres inverses égaux. I! est naturel de se demander com- 
bien, parmi ces 384 quadrisphéres peuvent étre égaux entre eux. L’on vérifie 
aisément que deux péles inverses par rapport a la sphére S, donnent toujours 
par inversion des figures égales entre elles. I] faut donc examiner sous quelles 
conditions deux couples différents parmi les 192 couples de figures inverses 
pourront étre composés de quadrisphéres tous égaux. Ils devront avoir leurs 
sphéres correspondantes égales entre elles, et aussi la méme disposition 
angulaire. 

Nous chercherons d’abord sous quelles conditions 2 couples de quadri- 
sphéres inverses ont la méme disposition angulaire, ce qui implique soit 
l'égalité soit la symétrie des tétraédres formés par leurs sommets. (On verra 
au § 11 que le deuxiéme cas ne se présente jamais). 

Une étude détaillée des divers cas montre que si aucun des 6 angles n'est 
droit il faut que certains d’entre eux soient égaux ou supplémentaires aux 
autres. Le cas le plus intéressant est celui du 


6. Tétrasphére. Nous appellerons ainsi le quadrisphére ayant trois 
angles arbitraires, les trois angles opposés étant égaux ou supplémentaires aux 
premiers. 

Le tétrasphére sera dit pair si les couples d’angles opposés sont formés 











440 A. DE MAJO 


d’angles égaux, impair s’ils se composent d’angles supplémentaires aux 
premiers. 
Appliquant les résultats des sections précédentes on démontre aisément la 


PROPOSITION 5. Tout tétrasphére peut étre transformé de 8 facons différentes 
en 8 tétrasphéres de rayons donnés, égaux entre eux, dans des inversions par 
rapport a 8 sphéres principales, ayant pour centres les sommets d'un méme 
quadrisphére—il existe 8 tels quadrisphéres, correspondant chacun a une dis- 
position angulaire différente. Toutes les sphéres considérées sont orthogonales a 
une méme sphere. 


7. Orthosphére, équisphére, isosphére. 


(a) Un tétrasphére dont tous les angles sont droits sera dit orthosphére. II 
y a 192 couples de péles d’inversion par rapport auxquels l'on peut trans- 
former un orthosphére en 384 orthosphéres égaux entre eux. Citons quelques 
propriétés de l’orthosphére: 


PROPOSITION 6. Les 4 sphéres d'un orthosphére et sa sphére orthogonale forment 
un ensemble de 5 sphéres 2 @ 2 orthogonales et dont les centres sont les sommets 
d'un pentagone orthique (voir (1), (2)). 


PROPOSITION 7. L’orthosphére est invariant par rapport a une inversion dont 
la sphére principale est l'une de ces 5 spheres. 


(b) Si les 4 nombres e; sont égaux entre eux, les figures inverses d’un quadri- 
sphére obtenues comme au § 4 ont leur 4 sphéres égales entre elles etseront 
appelées équisphéres. 

On voit facilement que dans ce cas le centre des 12 sphéres du type S;,," 
ne sont autres que les centres d’homotéthie des 4 sphéres S;, et ces 12 sphéres 
sont donc les sphéres bissectrices des couples de sphéres du quadrisphére 
donné. 

Dans ce cas ci il n'y a que 8 couples distincts de péles d’inversion, corre- 
spondant chacun a une disposition angulaire différente. 


s 


(c) Les équisphéres obtenus a partir d’un tétrasphére sont dénommés 
isosphéres. Parmi leur nombreuses propriétés nous citons: 


PROPOSITION 8. Le tétraédre ayant pour sommets les centres des sphéres d'un 
iosphére est isofacial s'il est pair, orthocentrique s'il est impair. 


8. Orthosphére adjoint. Parmi les 8 couples de points définis au § 7(b) 
quatre sont des péles d’inversions qui transforment le tétrasphére en un iso- 
sphére pair, nous les désignerons par D,D‘ et le quadrisphére dont ils sont 
les sommets par (D). 

Si l’on soumet la figure formée par un tétrasphére, ses sphéres bissectrices 
et le quadrisphére (D) a une inversion dont l'un des D, est un péle l'on 


1X 


nt 
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obtient comme transformé de (D) un orthosphére formé G: plans et une 
sphére. Il s’ensuit que (D) est un orthosphére. 

On vérifie d’ailleurs aisément que les centres des sphéres de (D) forment 
un tétraédre conjugué a S,. 

On a donc la 


PROPOSITION 9. 

(a) Les 12 sphéres bissectrices d'un tétrasphére se coupent 6 a 6 en 16 points 
parmi lesquels 8 sont les sommets d'un orthosphére, dit adjoint au tétraspheére. 

(b) Les centres des sphéres de cet orthosphére forment un tétraédre orthocen- 
trique conjugué a la sphére orthogonale du tétraspheére. 


9. Propriété fondamentale du tétrasphére. I! s’ensuit des résultats 
du § 6 que tout point de l’espace peut étre pris comme sommet d'un quadri- 
sphére a tel que tous ses sommets donnent par inversion d’un tétrasphére 
donné des figures égales. 

Comme I’orthosphére adjoint 4 un tétrasphére s’en déduit par des opéra- 
tions anallagmatiques, les figures inverses de cet orthosphére par rapport a 
ces mémes points seront également égales, et étant donné |'un de ces points 
la construction des autres sommets peut se faire A partir de (D) et non de 
(S); de sorte que les quadrisphéres comme a ne dépendent que de (D). Un 
tel quadrisphére sera dit annexé a (D). 

D’autre part l'on vérifie aisément que tout tétrasphére joint a (D) (c.a.d. 
tel que (D) soit son adjoint) est également annexé a (D). Or tout point de 
l’espace est l'un des centres des sphéres d’un tétraédre joint 4 un orthosphére 
donné. Deux tétrasphéres joints 4 un méme orthosphére sont dits associés. 

Nous conclurons: 


PROPOSITION 10. 

(a) Etant donné un tétrasphére, tout point de Il’ espace est sommet d'un second 
tétrasphére, associé au premier, tel que tous les sommets de l'un quelconque des 
deux sont des péles d’inversions transformant l'autre en tétrasphéres égaux. 

(b) La propriété d’étre associé est transitive pour les tétraspheéres. 


10. Tétrasphéres conjugués. Au § 8 nous avons considéré l’orthosphére 
(D) dont les sommets sont 4 couples de péles transformant le tétrasphére 
en isosphére pair, les 8 péles transformant le tétrasphére en isosphére impair 
sont les sommets d’un autre quadrisphére, dénommé (£). 

Nous appelerons P, les centres des sphéres de l’orthosphére adjoint a un 
tétrasphére. 

Considérons la figure formée par un tétrasphére (.S), ses sphéres bissectrices, 
les quadrisphéres (D) et (EZ), et soumettons-la 4 une inversion de péle P,. Il 
est facile de voir que la figure est invariante, pour une puissance d’inversion 
convenable. 
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Puisque (£) est invariant, que les sphéres bissectrices sont transformées en 
sphéres bissectrices, et que (S) n'est pas invariant en général (sauf si ses 4 
centres sont coplanaires), il s’ensuit que (S$) et (£) sont inverses l'un de 
l'autre; donc (EZ) est également un tétrasphére. D’od la 


PROPOSITION 11. (S) et (E) sont deux tétrasphéres inverses l'un de l'autre 
par rapport a chacun des 4 péles P;. Nous dirons qu’ils sont conjugués. 


Ceci démontre que les conditions nécessaires énoncées au § 2 pour que deux 
octades soient inverses l'une de l’autre sont aussi suffisantes. 


11. Egalité ou symétrie. Les 4 poles P‘, pieds des hauteurs du tétraédre 
P formé par les points P, transforment également (S) en des tétrasphéres 
égaux a (£), mais ne coincident pas avec ce dernier, car ils lui sont symétriques 
par rapport aux hauteurs P,P"*. 

Ceci nous permet de montrer que quels que soient les 8 péles déduits par 
continuité des péles P; et P'‘ les figures obtenues sont toujours égales et 
jamais symétriques—comme annoncé au § 5. 

En effet l’égalité entre figures inverses ne pourrait venir 4 disparaitre que 
si l’une des figures vient 4 posséder un plan de symétrie, ce qui exige que le 
pole correspondant soit sur S,. Or on vérifie aisément que deux pdles inverses 
par rapport 4 S, donnent des figures inverses égales, le passage d'un pdle 
par S, ne peut donc pas changer l’égalité en symétrie. 


12. Construction de tétrasphéres associés. La considération de I’iso- 
sphére associé 4 P dont les sommets sont les points P; et P‘, et de son inverse 
(Q) par rapport 4 un péle P;, qui a pour sommets les 6 pieds Q,, des per- 
pendiculaires communes aux arétes opposées de P, le point O et un point a 
l’infini permet de voir facilement que l'on a la 


PROPOSITION 12. Les inverses du tétrasphére (S) par rapport aux pieds des 
perpendiculaires communes aux arétes de son tétraédre associé P sont les symé- 
triques de ce tétrasphére par rapport aux plans hauteurs menés par les arétes 
opposées a ces piles. 


Ceci nous permet de construire un tétrasphére associé 4 un tétraédre ortho- 
centrique, lorsque l’on se donne I’un de ses sommets, A, p.ex. 

A* est l’inverse de A, par rapport a S,. 

A,, A® sont a l’intersection des droites joignant Q,, ou Q-4 aux symétriques 
de A, et A* par rapport aux plans hauteurs P., (mené par P, et Py) et Pr». 

La considération des questions de réalité nous méne alors a la 


PROPOSITION 14. Un tétrasphére réel, associé d un tétraédre réel conjugué a 
une sphere S, imaginaire, a ses 8 sommets réels; lorsque la sphére S, est réelle, 
les 8 sommets de ce tétrasphére réel sont simultanément réels ou imaginaires. 


e 


e 
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13. Tétrasphére et pentagone orthique. Au § 10 nous avons considéré 
le tétrasphére conjugué a (S). Soit B,, B‘ ses sommets. 

L’ensemble de 16 points A,, A‘, B,, B* jouit de nombreuses propriétés par 
rapport aux inversions dont les 5 sphéres principales, 2 A 2 orthogonales, sont 
la sphére S, et les 4 sphéres principales D,, de centres P,. 

Le tableau ci-aprés donne pour chacune de ces sphéres la répartition des 
16 sommets entre les 10 tétrasphéres deux 4 deux conjugués. 


TABLEAU 
Sphére Centre 
orthogonale radical Premier tétrasphé: re Second tétrasphére 
So O A,A'— AyA*— AyA?—A,AS B,B' — B,B* — B,B*— B,B* 
D, P, A,B, — A;,B* — A'B*— A*B* A'B' — A*B,— A;B,;— A,B, 
Dz P: A,B,— A2B'— A;B‘— A,B A'B*— A*B, — A*B,— A'B; 
D; P; A,B;— A;B*— A*B'— A,B* A'B*— A*B, — A;B,— A‘B, 
D, P, A,B,— A;B*— A;B*— A‘B' A'Bt— A*B,— A*B,— A,B, 
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POLAR MEANS OF CONVEX BODIES AND A DUAL 
TO THE BRUNN-MINKOWSKI THEOREM 


WILLIAM J. FIREY 


1. Introduction. This paper deals with processes of combining convex 
bodies in Euclidean m-space which are, in a sense, dual to the process of 
Minkowski addition and some of its generalizations. 

All the convex bodies considered will have a common interior point Q. 
Variables x and y denote vectors drawn from Q; we shall speak of their 
terminal points as the points x and y. Unit vectors will be denoted by 4; ||x|| 
signifies the length of x. Convex bodies will be symbolized by K with dis- 
tinguishing marks. 0K means the boundary of K. \K will mean the image 
of K under a homothetic transformation in the ratio \ : 1. The centre of the 
homothety will always be Q. 

The distance function F(x) of a convex body is defined as follows: let y 
be the vector having the same direction as x which terminates at 0K, then 
F(x) = ||x||/||y||. If « = 0, we set F(O) = 0. The points x of K satisfy 
F(x) S 1 with equality if and only if x is a point of 0K. Let u = x/||x\|; 
then p = 1/F(u) = f(u) is the polar co-ordinate equation of 8K with respect 
to a co-ordinate system with pole at Q. Since Q is an interior point of K, 
F(u) is continuous and bounded. 

The distance function satisfies: (a) F(x) > 0 for x #0, F(O) = 0; (b) 
F(ux) = uF (x) for up > 0; (c) F(x + y) S F(x) + F(y) for any two vectors 
x and y. Conversely, any function F(x) satisfying (a) through (c) is the 
distance function of a unique convex body K (cf. (1), p. 22). 

The following observations regarding distance functions should be borne 
in mind; they follow immediately from the definition. Fo(x) 2 F,(x) if and 
only if Ko C K;,. If the distance function of K is F(x), that of AK is F(x)/X. 

If F,(x), (¢ = 0,1), is the distance function of the body K, containing Q 
as an interior point, then 


Fy(x) = (1 — 8) Fo(x) + 0Fi(zx), 0s0 51, 
and, more generally, 
FP(x) = W{(1 — 8) Fa(x) +8FX(x)], l<pso, 
satisfy conditions (a) through (c). By Fs™ (x) we mean 
lim Fj” (x) = max(Fo(x), Fi(x)) 


Poo 
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for 0 <8 < 1 with Fy (x) = F,(x). Conditions (a) and (b) are obviously 
satisfied. Condition (c) is a consequence of Minkowski's inequality. Let 
a, = 6, + c,; Minkowski’s inequality is 


VWI —8)ab +007) < V/[(1 — 0)b8 +007] + V/[(1 —8)8 + 8c]. 


If a, S 6; + c,, the inequality is clearly still valid. Set a, = F,(x + y), 
b, = F,(x) and c,; = F,(y) and condition (c) is verified for Fy. A limit 
argument establishes (c) for p = ~. Consequently we may speak of a unique 
convex body Ky” having the distance function Fy”. We will call this body 
the pth dot-mean of Ko and K;,. It clearly contains Q as an interior point. For 
1 S p < ~, the body 


W/2K 
will be denoted by S® (Ko, K,) and called the pth dot-sum of Ky and K,. Its 
distance function is 2/[F?(x) + Fi?(x)]. We set 


S@ (Ko, K:) = K&. 


We obtain a direct geometric meaning for K»® as follows. If the polar 
co-ordinate equation of 0K, is p = f,(u), then the polar co-ordinate equation 


of dK, is 
-1/4/|\G=842 | ” 
= 1/ 4/| Filu) + RG) for lsp< o, 


p= min (fo(), f:(u)) forp = &, 


In particular if p = 1, p is the harmonic mean of the distances to 0K» and 
0K, in the direction u. 








Ky” — Ko ‘) Ki 
for 0 <8 <1. 

In § 2, we first take up some elementary rules about such combinations 
of convex bodies. A deviation or metric in a space of convex bodies is intro- 
duced. The duality mentioned at the beginning of the paper is discussed and 
with its aid, we examine the topology induced by the deviation measure. 

Section 3 is devoted to the dependence of the family {K»™} on. Ko, Ki 
and the parameters p and #, for 1 S p < ~. The dependence is continuous; 
the family is monotonic decreasing in p and concave with respect to 8. The 
special case = © is considered separately. 

We establish a theorem of the Brunn—Minkowski type for the family {Ky} 
in the final section. This is 


v""(KS”) S$ 1/W{(l -8)V""(Ko) +0V""(Ki)] — forl Sp < @, 
V(KS”) < min(V(Ko), V(K;)) for0 <8 <1. 


Here V(K) signifies the volume of the convex body K. 
A discussion of the cases of equality is included. 
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2. Measures of deviation. The following rules follow immediately from 
the properties of S,(ao,a:) = </[ae’ + a;”] for non-negative numbers a, 
applied to the appropriate distance functions. 

(i) S™(AKo, AK1) = AS® (Ko, Ki). 
(ii) S™ (Ko, K,) = S™(K,, Ko). 
(iii) S” (S® (Ko, Ki), K2) = S® (Ko, S® (Ki, K2)). 


This last rule allows us to write without misunderstanding S” (Ko, Ki,... Km) 
defined inductively as 


S® (S® (Ko, Ky,..., Km-1), Km). 
In turn we set 


S” (2/woK o, 0/wiKi, ssee \ WmiK m) = M®? (Ko, Ky, seen K,,) 


if 
> w=1,0~,20,15 p< @. 
t=] 
M® (Ko, K;) = Ko™ with 8 = w;. We define M™ (Ko, Ki,...,Kn) and 
S@ (Ko, K,,..., Km) as bodies whose distance functions are 
lim M,(Fo, F:,..., Fm), lim S,(Fo, Fi,..., Fn). 
po pon 


Since these limits are equal M (Ko, Ki,..., Km), S@ (Ko, Ki,..., Km) are 
the same body. This is the convex body whose distance function is max 
(Fo, F:,..., Fm). OM™ (Ko, Ki, ...,Km) has the polar co-ordinate equation 
p = min (fo, fi,..-,fm) if 0K, has the equation p = f;(u). Clearly 


M©)(Ko, Ki,..., Km) = Ko \ Kif\...0.\ Kn. 
We always have S® (Ko, K,) C K, since 


VFR x) + Fi(x)] > Fi(x) 
for x # 0. 

The bodies S®) (Ko, K;) and K,™ are not translation-invariant in the sense 
displayed by the usual Minkowski sum Ky + K,. In the case of Minkowski 
sums, if K, is translated by the addition of a vector t; to each vector in K,, 
then Ky + K, is translated by the addition of the vector tp + ¢;. It can be 
proved that, in general, there is no such translation vector for S® (Ko, K;) 
or Ky®. For this reason we must distinguish bodies which differ by a trans- 
lation. 

A measure of deviation between the two convex bodies is defined as follows. 
Let E be the sphere of radius one, centred at Q. For 1 S p < ©, consider 
those numbers \ > 0 such that S® (Ko, AE) C K,; and S™(K,, XE) C Ko. We 
define 5” (Ko, K;) to be the greatest lower bound of the numbers 1/,. In terms 





n 
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of distance functions, if F,(x) is the distance function of K,, 6” (Ko, K;) is the 


greatest lower bound of numbers 1/A = yu such that 
WI FR(x) + w?| lx} !?] S> Fix) 


and 
Pp ” . 
VIFi(x) + w?|\x1!?] 2 Fo(x). 
Since such function F;,(x) is continuous and bounded over ||x|| = 1, we have 
~(p) - P ~ ” 
5” (Ko, Ki) = max \/|Fi(u) — Fi(u)|, 


the maximum being taken over the sphere of directions u. Clearly 5”) (Ko, K;) 
2 0 with equality if and only if Fo(x) = F(x), that is Ko = K,. Further 
5”) (Ko, Ki) = 6 (Ky, Ko). The deviation satisfies a triangle inequality: 


5” (Ko, K2) S 8 (Ko, K:) + 6 (K,, K>). 


For let 
M41 = 5”) (Ko, K,), 
us = 5”) (Ko, Ks), 
is = 5” (K,, Ks). 
Then 
us = max V Fi(u) — F3(u)| S max V/| Fi(u) — Fi(u)| + |Fi(u) — Fi(u))) 
< max V/ Fi(u) — Fi(u)| + max V/ Fi(u) — F(u)| = wi + ps, 


all the maxima being taken over the unit sphere of directions u. 
For p = @, we define 5“ (Ko, K,) to be 


max (max [Fo(u), F:(«)]) 


uwli=1 (0,1 


if Ko and K, are not identical and take 5 (Ko, Ky) = 0. 8 (Ko, K;) is thus 
the reciprocal of the radius of the largest sphere centred at Q which lies in 
Ko (\ Ky. We may alternately describe 5) (Ko, K:) as max (1/v, 1/»;) where 
v,E is the largest sphere centred at Q contained in K,. Clearly 6 (Ko, K;) 
= (Ky, Ky) and 6 (Ko, K;) = 0 with equality if and only if Ko = Ky. 
This deviation satisfies a triangle inequality: 


5 (Ko, Ks) S 6 (Ko, K:) + 6 (Ky, K>). 


If Ko = Ke, this follows from the non-negativity of the deviation. If Ky = K, 
or K, = Kz, there is obvious equality. Otherwise, using the numbers vo, v1, v2 
defined above, we have 


max(1 : 2) — max(1 : J : L} < max(? F ) + max( ; b) 
Vo Ve Vo Vy Ve Vo Vy Vi Ve 


which proves the assertion. 


Thus, for 1 S p S —, the deviations 5”) (Ko, K;) satisfy the requirements 











448 WILLIAM J. FIREY 


for a metric in the space of convex bodies. For the remainder of the section, 
deviations will be considered only for 1 S p< @. 


Let K be a convex body with distance function F(x). We denote by K the 
polar reciprocal of K with respect to the unit sphere E centred at Q. The 
support function with respect to Q of K is defined as follows. Let x be any 
point other than Q, z a vector from Q in the direction of x which terminates 
at the support plane of K normal to x. The support function of K is ||z\| -||x/|. 
Since K and K are polar reciprocals with respect to E, if y is the vector from 
Q having the same direction as x and terminating at 0K, we have ||y||-||z|| = 1. 
Hence the support function of K is ||x||/||y|| = F(x). Further, if H(x) is the 
distance function of K, then H(x) is the support function of K. If Q is an 
interior point of K, it is an interior point of K. Consider the convex body 
K,; its polar reciprocal K,” has 

VI(L — 8) Fo(x) + 8Fi(x)] 
as its support function. This support function is the pth mean of the support 
functions of Ky and K,. In particular for p = 1, K»® is the usual Minkowski 
mean (1 — 8)Ky + 8K. More generally Ke™ is the convex body denoted 
by Ks® called the pth mean of Ko, K, in (2). Similarly §@ (Ko, K;) = 
S (Ro, Ri). 

It is convenient to express these notions in terms of the space .% of convex 
bodies K with metric 6” and the space A, of convex bodies K with metric 
5 introduced in (2). There 8” (Ko, K;) was defined as the greatest lower 
bound of numbers uz such that 


WV Fo(x) + uw? | \x\ |] 2 Fi(x) 
and 
Pp ~ ‘ ' 
VIFI(x) + w?||x1/7) 
where F,(x) is the support function of K,. Polar reciprocation with respect 
to E is an involutary mapping R,: 4%, — #,. Under this mapping pth dot- 
means correspond to pth means. 

We have directly from the definitions of 6” and 6 that 6 (Ko, K,) = 
5” (Ko, K;). Therefore R, is a homeomorphism. In (2) it was shown that the 
metrics 6” are topologically equivalent and so it follows also for the metrics 5’. 

We summarize. 


IV 


F(x) 


THEOREM 1. Polar reciprocation with respect to E furnishes a homeomorphism 
Ap Ap, for 1 Sp <@ and for each such p and q satisfying 1 Sq <~-, 
Ae is homeomorphic to %. 


Let E, (1 S m < n) be an m-dimensional linear subspace of the Euclidean 
n-space which contains Q. The distance function of K (\ E,, in E,, is the re- 
striction of the distance function of K to vectors in E,,. Hence in E,, we have 


S® (Ko, K1) C\ En = S® (Ko C\ Em, Ki C\ Em). 
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This is the dual of the following result. Let K* be the projection of K onto 
En; then 
S® (Ko*, Ki*) = (S® (Ko, K,)]*. 
We have further 
S® (Ko C\ En, Ki O\ En) © S® (Ko, Ki) 1 En 
and, as the dual of this result 
S” (K*, K,*) D [S® (Ko, K,)]*. 


The latter follows from the former with the observations that if F* is the 
support function of KC\E,, then it is the distance function of K*, and by 
the first inclusion 


o/((Fo*)? + (F;*)"] s (L/L Fe? + F,’})*. 


3. Dependence of the means on their parameters. The pth dot-means 
Ky” depend continuously on p, #, Ko and K;, in the following sense. Let S 
be the space of elements (p, 8, Ko, Ki;) wherel S pS P< &%,08580 851, K, 
in & with the distance d(e, e’) between elements e = (p,8, Ko, K,) and 
e’ = (p’, 8’, Ko’, Ki’) defined as |p — p’| +|8 — 8’! + 5 (Ko, Ko’) + 60 
(K,, K,’). By Theorem 1, the deviation 5 can be replaced by any of the 
deviations 5, 6 for finite g 2 1. Further let K(e) be the pth dot-mean 
Ks associated with element e. K(e) is continuous in e, that is if {e,} is any 
sequence of elements of S for which 

lim d(e,, e) = 0, 


Now 


we have 


lim 6° (K(e,), K(e)) = 0. 
To demonstrate this continuity, we first remark that the algebraic function 


f(p,8, ao, a1) = X/[(1 —8)ab +007] 


has no singularities for (p,8,a0,a,) satisfying 0< A Sa,SB<o, 
0s#81, 1S psP<©@ and so is uniformly continuous for such 
(p, 3, do, 21). Suppose that { Fo,(x)} and { F;,(x)} converge to Fo(x) and F,(x) 
uniformly for ||x|| = 1 and further satisfy A < F;,(x) < B. Then it is easily 
shown that {f(p,, On, Fon(x), Fin(x))} is a sequence converging to f(p, 3, Fo(x), 
F,(x)) uniformly for ||x|| = 1, where {p,} and {#,} converge to p and # and 
satisfy 1 sp, SP,058, 21. 

The convergence of a sequence of elements ¢, = (fn, On, Kon, Kin) of S to 
element e of S implies 


lim 6 (K,, Km) = 0 
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which in turn is equivalent to the convergence of the associated sequences 
of distance functions { F;,(x)} to F;(x) uniformly for ||x|| = 1. Moreover, 
since all the bodies in the sequences {K,,} as well as the limit bodies K, are 
in %# we know that there is a sphere (1/A)E containing each K, and K x, 
and a sphere (1/B)E contained in each K,; and Ky. From this it follows 
that0 <A S Fy, (x) S B < @. Thus, by the preceding paragraph, the con- 
vergence of {e,} to e entails the convergence of {f(p,, Bn, Fon(x), Fin(x))} to 
f(p, 8, Fo(x), Fi(x)) uniformly for ||x|| = 1. This is to say that 

lim 8‘ (K(e,), K(e)) = 0 


n 


as asserted. 


We next examine inclusion relations among the means Ky™. Since 


NV/((1 — 8) F(x) + 8 F2(x)] < WIC — 8) Fix) +8Fi(x)] 


for 1S p<q2Z©@ with equality if and only if Fo(x) = F(x), we have 
Ky” 2D Ks with equality if and only if Ko = K,. Thus the means are either 
constant if Ko = K, = Ky or are strictly mcnotonic decreasing in p from 
Ks to Ko Ki. 

Finally consider the family {A»™} for fixed p and varying #3. For p = @, it 
is geometrically obvious that the family is convex by which we mean that 


Ky C (1 — 8) Kt + 0Ky 
where #’ = (1 — #)d) + dd;. But this is true for all p satisfying 1 S p < ©. 
In virtue of the monotonicity in p discussed in the preceding paragraph, it 
is enough to show the asserted convexity for p = 1. 
We make a further reduction of the problem. Since 


> (1) 


5” = (1 —8)Ko + 0K, 
we have 
RY? = [0 -—0)Rk. +R 
= [(1 —8)[(1 —do)Ko +8 Ri] + 0[(1 —8,)Ko +9,Kil] , 


and 


(1 —8)KS? + 0KS? = (1 —8)[(1 —80)Ko +00Ki) +0[(1 —8:)Ro +0,K)) . 


Set K = (1 — &))Ko + 80K; and K’ = (1 — 8;)Ky + 8,R. In terms of K, 
K’ we must prove that [(1 — #)K + 8K’J* C (1 — 8#)K + dR’. 

On a ray r from Q let x be on 0K, x’ on 0K’. Then xs = (1 — 8)x + dx’ is 
a point, in general interior, of the Minkowski sum (1 — #)K + 8K’. Let TJ, 
II’, lly be the polar planes of x, x’, and x». These planes are orthogonal to r 
and meet r in points z, 2’, and zy. II and II’ are support planes of K and K’. 
IIy is a plane exterior to [(1 — #)K + 8K’|* unless x» happens to be a boundary 
point of (1 — 8)K + 8K’, in which case Il, is a support plane of [(1 — 8)K 
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+ 8K’. Let 2 = (1 — d)z + dz’. The plane I, orthogonal to r through 2 
is a support plane of (1 — #)K + 8K’. 

If we can show that 2» S 2, it will follow that II is either exterior to 
[((1 — 8#)K + 8K’) or coincides with Il, if 2» = 2. Since r is arbitrary, this 
will prove that 

[1 —8)K + 0K’S C (1 — #)K + oR’. 


We have from the polarity relations: 


a|| |||] = |]2’||-||x"]] = ||2e]]-||xe|] = 1 
Hence 
(1 —#) v . . 
“Ta AS x|| + 7 Zz x 
facil ip <i pcepeipainns 5 : 
: (1 —#) v 
= Xe + —7 7 Xe 


_ ~ 
< ~ 


(1 —d)x + dx’ 


1-#d d 
Xe {( a + :.) 


In the last step, we have utilized-the collinearity of QO, x, and x’. Continuing: 


1 
Ze|| = ——- $ (1 —8)|/\z2|| +8 |2’|| = ||z 
(1 — #) 0 
£ + -— 4 
Z Zz 
where the collinearity of Q, z, 2’, and z» has been used. In the inequality of 
the arithmetic and harmonic means, there is equality if and only if ||z|| = ||2’ 


from which we conclude that the original inclusion is an equality if and only 
if K = K’, 

This argument proves the convexity of {Ky}. The family is linear if and 
only if 

*(p) > (p) 

Ks, _ K3* 
which means Ky = K,. 

This completes the proof of our next theorem. 

THEOREM 2. The family {Ky} depends continuously on (p,8, Ko, K,) for 
lspsP<0%,08580 81, K; in &. It is strictly monotonic decreasing in 
b for 1 S p S © and convex in #. 


An immediate consequence of Theorem 2 is as follows. Let W,,)(K) denote 
the sth cross-sectional measure of K, that is, the mixed volume 
V(K,...,K;E,...,£) 
(nm — S$) Ss 
for s = 0,1,...,m” — 1. The measures W,,)(K) are well known to be mono- 
tonic in K, that is if K C K’ then W,,.(K) S W,,)(K’) (cf. (1), p. 50). Hence 
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W ()(Ko”’) = W.)(Ko”) 


when 1 S p S g S ™, with equality if and only if Ko and K, are identical. 
Thus W,,)(Ks™) is monotonic decreasing in p and, in virtue of Theorem 2, 
continuous in that parameter. In particular, the intersection Ko /\ A, has 
minimal cross-sectional measures and Ky® has maximal. This latter family 
of bodies might well be called the set of weighted harmonic means of Ko and 
K, in view of the next remarks. 

A special instance of the convexity of the family Ks is 


KS = (1 —8)K. + 0Ri] C (1 —8)Ko + 0Ki. 


In the inclusion, there is equality if and only if Ko = K,. This may be viewed 
as the analogue, for convex bodies, of the theorem of the arithmetic and 
harmonic means for positive numbers. Indeed, the latter may be looked upon 
as a special case of the former in which Ky and K, are centrally symmetric 
bodies in a one-dimensional Euclidean space, the centre of symmetry being 
the common interior point Q. A similar observation is valid regarding the 
monotonicity of the means Ky® in p for fixed #. 
The results of these last two paragraphs give us the inequalities 


W (KS) S Wi ((1 — 8)Ko + 8K) 


for 1 S p S © with equality if and only if Ko = K,. The next section fur- 
nishes an improvement on this result for the case s = 0, that is for the volume 
functional. 


4. A dual Brunn-Minkowski theorem. For fixed ? satisfying 
1 < p < ~, let V(Ky™) = Vo be the volume of Ky» where 0 < 8 < 1. Since 
K,® contains an interior point Q, Vs > 0. The distance function of Ky is 
Fo(x) = W/((1 — 8) F8(x) + 08F2(x)). 
Let 


Set 


Fy (x) = VIC — 8’) F2(x) +8’ Fi(x)] 
where F(x) = V;“F,(x) is the distance function of K,. Finally, let Vs be 


the volume of that convex body whose distance function is Fy-(x). Since 
F(x) = Fy (x)/u, where 


we have Vs!" = uVy1" 


Ww 
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The polar co-ordinate formula for the volume of a convex body gives 


- ie 1 » 
Mtl 
: azL Fy: (u) - 


where dw is the differential of surface area of the unit sphere E centred at Q. 
For the integrand we have 


. (1 -8’) + e’ / =" 
Mi ry* Gry 714-» Gen) + i] 
Fo(u) PF y(u) 


with equality if and only if Fo(u) = F,(u). Therefore 


si f [S-* (u))" + Fm) dw = (1 — 8’) V(Ko) + 8’ V(A)) = 1 


There is equality if and only if Ko = K,. This gives as the analogue of the 
Brunn—Minkowski theorem: Vs!" S yu. There is equality if and only if Ko=AK,, 

= (V,/V;)', the centre of homothety being at Q. 

If p = ~, we have Ko f\K,; C K, and so V(Kof\ K;) S min (Vo, Vi). 
Clearly there is equality if and only if one of the bodies K, is a subset of the 
other. The volume functional is monotonic under set inclusion and so, by 
Theorem 2, V(Ko(\ K:) S V(Ko™) for 1 S p < © with equality if and only 
if Ko = Ki. 

We collect these results in our last theorem. 











THEOREM 3. 


ling a rs rin ci) U mis) 3 7_ 
| (Ko (-) Ki) ~ if (Ko s1/4/| Gz 4 ) + PPK) ° 


for 1 S p < @. There is equality on the left if and only if Ko = K, and on the 
right if and only if Ky = \K, with centre of homothety at Q. Further 


V'"(Ko(\ Ki) = V'"(Kx”) < min(V""(Ko), V'"(Ki)) 
with equality on the right if and only if Ko = K,. 
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ON THE HAUSDORFF AND TRIGONOMETRIC 
MOMENT PROBLEMS 


P. G. ROONEY 


Let K be a subset of BV (0, 1)—the space of functions of bounded variation 
on the closed interval (0, 1]. By the Hausdorff moment problem for K we shall 
mean the determination of necessary and sufficient conditions that corre- 
sponding to a given sequence uw = {y,|m = 0,1, 2,...}' there should be a 
function a € K so that 


el 
(1) m= | t"da(t), mn = 0,1,2,... 


0 
For various collections K this problem has been solved—see (3, Chapter 
II1). 
By the trigonometric moment problem for K we shall mean the deter- 
mination of necessary and sufficient conditions that corresponding to a 


sequence c = {c,\n = 0, +1, +2,...}* there should be a function a € K 
so that 

el 
(2) Cn - | e "**da(t), n = 0, +1, 42,... 

0 


For various collections K this problem has also been solved—see, for example 
(4, Chapter IV, § 4). It is noteworthy that these two problems have been 
solved for essentially the same collections K. 

Recently (2), we gave new solutions of the trigonometric moment problem 
for certain classes K, namely those AK determined by K’ = L,(0, 1), 
1 < p < 2, where K’ is defined now and henceforth, if the functions of K 
are absolutely continuous, to consist of all functions equal almost every- 
where to the derivative of a function in K. These solutions were determined 
by use of the known solutions of the Hausdorff moment problem for these 
particular classes K. 

Here we propose to generalize this procedure. Specifically, we propose to 
show that if the Hausdorff moment problem can be solved for a particular 
class K, then so can the trigonometric moment problem. This forms the 
content of the theorem below, and we shall illustrate our theory in a number 
of cases. 


Received June 6, 1960. 

1We shall use uw as a generic symbol for sequences whose indices run from zero to infinity. 

*We shall use c as a generic symbol for sequences whose indices run from minus infinity to 
infinity. 
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To this end, we must first establish a number of results concerning certain 
numbers @;,_ defined by 


ll 


1 
(3) Cr= = f "edt, r 
0 


m=0,1,2,... 


0, +1, +2,... 


Since these numbers are essentially both the Hausdorff moments of the 
trigonometric powers of ¢t, and the trigonometric moments of the algebraic 
powers of ¢, it is perhaps not surprising that they have an important role to 
play. Their properties are given in the following lemmas. 


LEMMA l. 
(4) Arm = (1 — ma, .m—1)/2171, rm # O, 
(5) Ar.m| < (m+ 1), 
(6) \2r.m| < (xir|)—', r £0, 
[(m +1)",r =0, 
10, m = 0,r ~ 0, 
(7) drm = 4 
m—1 m 
> ( ) (—1)" n!/(2xir)"*", rm 4 0. 
ee he. 


Proof. On integration by parts, (4) follows from (3). If m # 0, (6) comes 
from applying (5), which is trivial, to the right-hand side of (4). The first 
two parts of (7) are immediate, and the third part follows from the second 
on repeated application of (4). From (7), (6) is obvious if m = 0. 

Lemma 2. If |c,| < M,r =0,+1,+2,..., and 

N C 
lim >-’ 
Naw -N T 
exists, (where the prime denotes the omission of the term corresponding to r = 0): 
then for m = 0, 1, 2, 


N 
lim >> Cay. 


Now r=—N 


exists. 


Proof. Since, from (7), 2,,0 = 0, r # 0, and ao. = 1, it follows that 


- 
(8) > Cr Aro = Co, 
“4 


and the limit exists for m = 0. Now if m > 0, then from (7) and (4), 


N N NV 
1 l » ie m » & 

(9) CrArm = at <> aaaees = Or .m-1- 
2 r m m1 + l or p> r » , ( 


aT rey 7 
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But the first two terms on the right of this equation have limits as NV ~ @, so 
that it suffices to show that the third term has such a limit. But from (6) 





= |r M<, 1 A 
(10) > Sarms| <2 a-%, 


so that the series 


converges absolutely. Thus the limit of the last term in (9) also exists, and 
the lemma is proved. 

With each sequence c, satisfying the hypotheses of Lemma 2 we can now 
associate a sequence yu(c) defined by 


N 


(11) um(c) = lim >> c,a,.m- 


Now r=—N 


The sequence u(c) has certain properties that we summarize as a lemma. 


LemoMa 3. If c satisfies the hypotheses of Lemma 2, then 





(12) po(c) = Co, 
_1—M™ Co _ mS, 6, 
(13) Um(c) = l1+m 2 + 1 aai p> > A;m—-1m > 0. 


Proof. Equation (12) follows immediately from (8) and (11). Now from 
(7), @r.. = (2mir)—, r # 0, ao. = 3. Hence from (11) and (9), 
N 


lim » Cilem 


Now r=-N 


N N 
~ m 1s die 
= lim m(— ag 1 Co + = x » > = > — Ar m—1 


Mm (Cc) 


r “at —w f 
1 =, € 
= lim | — Co 5 © + > CrAr 1 >! by — a, m—1 
S000 1 1 r 
1 — mCo m <a, C; 
at Ge ee + m1 a. :® — A+ .m—15 
1 +m 2 es =. («6 


since by (10), this last series converges absolutely. 
We are now ready to state and prove our theorem. 


THEOREM. Necessary and sufficient conditions that a sequence c be represented 
in the form (2) for some a € K are that 


(i) |ec,| << M,r = 0, +1, +2,..., 
N 
(ii) lim >)’ exists, 


(iii) y(c) ts represented in the form (1) with a € K. 


al 
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Proof of necessity. Suppose 


1 
C. = f e**** da(t), m = 0, +1, +2,... 
0 


where a € K. Clearly, 


lal < f av@ =m, 
where V(t) is*the total variation of a, so that (i) is necessary. 
Now let 
B(t) = 2ra(t/2r) — cot, 0 <t < 2x, 
and define 8(¢) outside this interval by 
B(t + 2x) = Bi). 
Then 8(¢) is periodic and of bounded variation, so that if 


Qe 
d, = +f e "*B(t)dt, n = 0, +1, +2,... , 


it follows from the Dini—Dirichlet test (4, Chapter II, Theorem 8,1) 


N 


rw 
(14) lim® > dy = 5 (80+) + 80--)). 


Noa 


But if nm #0, 


d, = of e ™*B(t)dt -{ e~™a(t/2e)dt — | te ™ at 
ot 0 0 9 


Qre 
. c 
™ arf eo (t)dt +=, 
0 nm 
and integrating by parts, we obtain, if » ¥ 0, 
d, = C,/%n. 


Thus, (14) becomes 


N 
c 
lm >>’ = = 
N00 


—N rT 


(8(0+-) + B(O—)) — ido, 


Nie. 


and (ii) is necessary. 
Now let 


d, = +f e *dB(t). 
rs ee) 


1 or 
Bess -{ fe" dt = ny f t" edt, 


Then, since 
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it follows from Parseval’s theorem for Fourier series (4, Chapter IV, Theorem W 
8.7 (iv)) that 
(15) f t dB(t) = >) di(2x)"*"a,., (C, 1). 
0 call 
But the left-hand side of (15) is equal to a 
f t"dB(t) = anf t"da(t/2e) — cof t"dt 
0 0 0 
= 9 n+1 J n f \ 
= (27) ) t'da(t) — Co (n+ 1)¢. 
0 
Also th 
1 2 + ir c vor co 
d, = 5- e ™“dB(t) -| e "da(t/2x) — co f e "dt 
aTvV/o6 0 2r 0 
1 c v2r 
= f e " "da(t) — — | e "dt (I 
0 aT 
ud Sen n #0 
~ 0 n=0, 
so that (15) becomes 
1 ) - 
‘ n+1 n Co ‘ n+1 , . 
(27) {fede oe aes (27) > CeOen iC... ED. 
Thus, since do, = (m + 1)~! i 
[ Ne 


1 x 
f eda(e = > rare (C, 1). 


But, since by (i), (ii), and Lemma 2 


. 
an 
lim >> car. 
Noa T= N 
exists and equals u,(c), and since the (C, 1) method is consistent, we must 
have 
sO 
*1 
in(c) = j t"da(t), 
ee 
and (iii) is necessary. 
Al 
Proof of sufficiency. From (iii), a € K exists so that 
el 
Mn(c) = | t"da(t). 
eo 
Let wi 


1 
= fie me da(t). (1 
ae 
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We shall show that c,’ = c,. Firstly, co’ = co, for from (12), 


1 
Co = po(c) = f da(t) = c%. 
0 


Then, if n # 0, 


*1 
Fo _ f e"* *da(t) 


=e)" [ ¢ = (—2nzi)” 
ses) —— — | t"da(t) = ti »(c), 
Y ee _fdalt) = Ye tm (C) 
the interchange of integration and summation being justified by the uniform 
convergence of the exponential series. 

But then using (13) and (12), if m #0, 


.  (—2nz7i)” 
16) a= a um (C) 
— 5 2, m! . ( 
. (—2nri)” (1 —m co M <r, C, ) 
= wo(c) + 2» m! (jo26,,,-2% 7 orm-l 


1S (1 — m)(—2nz7i)” < (—2n-ri)” 
= oo +5 > Sam geet") +m > 


 m=l (m + 1)! 


oni (m— 1) r 
{ 

i Now 

ow : 2” a“ e” = 1 

sai (m + 1)! x P 
and 

mx” . é€-—l1 
on end = :, 
m=1 (m + 1)! x 


so that the coefficient of co in (16) is equal to 


Also, 


x 
‘ z 

aes =¢-— a 
mai M™: 


so that the coefficient of u; in (16) is also zero. Thus if n # 0 


. ‘ —m—l «x 
- ; (—2n 71) ~ * 
(17) G=n _ - ym 
m=1 (m — 1)! r 
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But the series 


aD 


> {(—2nxi) |" >» 


m=1 (m —_ 1)! 





For from (10) it is smaller than 


tM & (2\n|x)""' «M 
3 1 (m-1)! 3 


Hence we can interchange the orders of summation in (17) and obtain 





5, Cr we (—2n7i)”” 
18 a=n ‘— ne OE 
(18) “ » De > (m—1)! """ 
—, Cy (—2n 71) 
=n ei ee rm 
p>: 5 = m! . 
But 
 (—2nt) = (—2n71) = 900 
ye ( ——— Crm = (: ra a 
man8 m. m=0 m 0 
1 3) 9 . m el 
—Zn nit) ore 2(r—n)r 
= f ( > \=4 — Je “dt -{ e “dt 
0 m= m. 0 
fO,r+n 
Lr=n, 


and using this in (18) we obtain c,’ = c,, that is 


1 
G = f e"* dat), n = 0, +1, +2,... , 
0 


with a € K. 

As an example of the use of the theorem to obtain solutions of the trigono- 
metric moment problem, let us take K = BV(0, 1). Then from (3, Chapter 
III, Theorem 2b), a necessary and sufficient condition that sequence yu be the 
Hausdorff moment sequence of a function in BV (0, 1) is that for some con- 
stant L 


k 


y, fan <h,828 1,2... , 


m=0 


where 


and A is the advancing difference operator. 

Thus, given a sequence c, we find as necessary and sufficient conditions 
that c be the trigonometric moment sequence of a function in BV(0, 1), are 
that (i) and (ii) of the theorem be satisfied, and that for some constant L, 


we 


‘¥ 
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k 
DX |rem(c)| < L,k = 0,1,2,... , 
m= 
where 
(19) Mem(C) = (*) (—1)""a" 
™m m m 
N 
= lim Z Cr Oe ems 
Now Tro=-N 
where 


k —m m k a —m rir 
Chem = (* ) (—1)* "aa, = (*) fi (1—t)*""e™ * ‘dt. 


We list in Table I the conditions for representation as a trigonometric 
moment sequence for some of the more common classes K. In all cases (i) 
and (ii) of the theorem must hold and the column marked (iii) gives the 
third condition that must hold. The last column gives the place from which 
the conditions for the Hausdorff representation are taken. 


TABLE I 
K (iii) Reference (3, 
Chapter III) 
k 
1 BV (©,1) DX lsm(c)| <L, k = 0,1,2,.... Theorem 2b 
m=( 
2 Increasing functions on [0,1] Ay,,(c) > 0, k = 0,1,2,...,0<cm<¢k, Theorem 4a 
i 
3 K’=L,0,1),1<p< @ (ke +1)?" ; Ae m(c)|” <L, k =0,1,2,... . Theorem 5 
m=) 
4 K’ = L., (0, 1) (k + 1) deni <L, 8 @ O,1,2,..., Theorem 6 


O<m <k. 


Case 2 is of particular note, since the trigonometric moment problem for 
this K was given a particularly elegant solution by Bochner (1, § 20). 
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THE EXPANSION PROBLEM WITH BOUNDARY 
CONDITIONS AT A FINITE SET OF POINTS 


RANDAL H. COLE 


1. Introduction. The problem of expanding an arbitrary function in a 
series of characteristic solutions of the ordinary differential equation 


J 
(1.1) wu” + Pu®" + ...4+ Pau =0 (a = *) 
and the boundary relations 
(1.2) 4 > ou" (a,) = Q, gm 3S un ckathe 
a=l j=l 


is well known. The various discussions are distinguished by the manner in 
which a parameter \ appears in the differential system and by the number of 
points at which the boundary conditions apply. The case in which the boundary 
conditions apply at intermediate as well as at the end points of a fundamental 
interval has been considered by Wilder (3). His investigation was confined 
to the case where P, = P,o9(x) + A" and where each coefficient v,,“ in the 
boundary relations is free from X. 

The present discussion treats the case where each coefficient P; is a poly- 
nomial in A of degree k and each coefficient v,,“ in the boundary relations 
is an arbitrary polynomial in A. The reduction of the system (1.1) and (1.2 
to an equivalent matrix system has been accomplished (4), therefore the 
results obtained by Langer (1) can be applied to the present problem.' It 
will be assumed that the reader is familiar with Langer’s paper so that direct 
reference can be made to some of his formulas. In order to facilitate the use 
of such formulas, Langer’s notation has been used here with only minor 
modifications. 

Langer’s development concerns a differential system in the complex domain. 
His boundary conditions apply at a specified set of m points in this domain. 
Although his results are valid when the variable is restricted to be real, there 
are several points of interest attending this restriction. The first of these is 
the form of Green’s matrix. Langer has defined a set of m Green's matrices 
corresponding to the m boundary points. In the real case, these can be com- 
bined to yield a single Green’s matrix, @(x, s, 4), which has a finite discon- 
tinuity, with respect to the variable s, at each of the boundary points. In all 
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other respects, this matrix has the familiar properties of a Green's function. 
That is, it has a unit discontinuity when x = s, and it is a formal solution 
of the given boundary system and of the adjoint system. The second point 
of interest is that the adjoint boundary conditions (3-5b) are simply speci- 
fications of finite discontinuities at the boundary points. The discontinuities 
of the Green’s matrix satisfy these adjoint conditions. It is clear, therefore, 
that these finite jumps are characteristic of the adjoint solution and of Green's 
matrix and, further, that no system with boundary conditions of the form 
of (2-1b) can be self-adjoint if m > 2. 

It should be noted that Haltiner (5) specialized Langer's results to the 
real case for two point boundary conditions and obtained a new definition 
of adjoint boundary relations. These relations have the advantage of being 
explicitly defined in terms of the given boundary problem. The same advantage 
is enjoyed by the m point relations obtained here. 

The formal points of interest outlined above are significant, but the primary 
problem in the subsequent discussion is the determination of the specific 
regularity conditions on the boundary problem which will ensure the con- 
vergence of the expansion of an arbitrary vector. This is accomplished by 
decomposing the Green’s matrices defined by Langer and by finding relations 
among the parts. These relations are equally valid in the complex case and 
can be used to broaden the scope of Langer’s regularity conditions. This point 
will be amplified in § 5, but it is appropriate to point out here that Langer’s 
general results have been illuminated by applying them to a special case. 

Whyburn (6), (7), (8) has considered differential systems in which integral 
boundary conditions are combined with linear conditions at a countable set 
of points. In particular (6), he has developed some formal aspects of a system 
with combined integral and two point conditions. His Green's matrix is 
consistent with the Green’s matrix defined below and will, therefore, lend 
itself to a reduction similar to that achieved in § 4. 


2. The differential system. The basic system is the equation (1.1) and 
boundary conditions (1.2) with the following assumptions: 


k 
(a) P,= ps Pix)’, k=1,2,...,n, 
l=0 
with P(x) free from and indefinitely differentiable. 
(b) The algebraic equation r" + Py(x)r*-! +... + Pan(x) = 0 has roots 
r,(x),t = 1,2,...,, which together with their differences, r;(x) — rj(x), i # j, 


have constant arguments and are bounded from zero for all values of x on a funda- 
mental interval (a1, dm). 

(c) The points a, d2,...,@m, (@¢ < @i41), at which the boundary relations 
apply, are the end points of the fundamental interval and a set of m — 2 arbitrary 
interior points of that interval. 

(d) Each coefficient v,; in (1.2) is an arbitrary polynomial in d with constant 
coefficients. 
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This system can be reduced to the matrix system (see (4)) 


(2.1a) 9)’ (x, A) = {AR(x) + Q(x) | P(x, A) 
(2.1b) Y BW” AD(a,, 2) = ©, 


where R(x) is the diagonal matrix (6,,7;(x)); the diagonal components of the 
matrix © (x) are zeros, and the other components are indefinitely differentiable 
and free from A; and the components of % (A) are polynomials in X. 

The above results may be stated as a theorem. 


THEOREM 1. The system (1.1) and (1.2), satisfying assumptions (a), (b), (c), 
and (d), may be reduced to the matrix system (2.la) and (2.1b). 


All the subsequent results are developed for the matrix system which, 
therefore, can well be regarded as the basic one. The mth order system is 
preferred in this role because of its classical significance. 

Langer has treated the problem associated with the matrix system when x 
is a complex variable and the boundary points are m specified points in the 
x-plane. He has obtained asymptotic solutions of the equation, defined the 
adjoint system and a set of m Green’s matrices, developed a biorthogonality 
relation and a formal expansion of an arbitrary vector in a series of character- 
istic solutions. He has expressed the expansion as a series of residues of Green’s 
matrices and shown that under appropriate conditions the latter converges 
to the arbitrary vector. Langer’s formal results will be adapted to the present 
problem. An independent derivation of Green’s matrix and of the formal 
expansion would contribute to the continuity of this discussion but would to 
some extent duplicate known results. Furthermore, such a derivation can be 
applied to more general boundary conditions than those considered here and 
will be made the subject of a separate discussion. The pertinent results from 
Langer’s paper are given below, some of them being stated in the form of 
theorems. 


The characteristic values, \;, \2,..., of system (2.1) are the roots of the 
equation D(A) = 0 (cf. (1, § 7)). D(A) is the determinant of the matrix 
(2.2) DA) = SS BW” (aA)PG,, d) 

p= 1 


where ¥)(x, A) is any non-singular matrix solution of (2.la). The characteristic 
solutions are non-trivial vector solutions of (2.1). They exist when \ is a 


characteristic value. The Green’s matrices, @™ (x, s, A), w = 1, 2,...,m, are 
defined by (see (1, § 9)) 
(2.3) G™ (x, s, A) = Y(x, AD-" (A) W (A) PY (a,, ANY" (s, A), 


where ¥)(x, \) is the non-singular matrix solution used in the definition of 
D(A). Let r+ be a non-negative integer and let f(x) be any vector (n-tuple of 


rea 


Fo 


the 


wi 
va 


re 
ch 
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real functions) which has a derivative of order r + 1. Define the set of vectors, 
f (x), Ff (we), ..., FF (x), by the relations (1, (15.3)) 


f(x) = f(x), 
Fe) = R&I FO"’"(&) — QE) P~)}, b= 1,2,...,7 41. 


THEOREM 2 (cf. (1, (15.8))). The formal expansion of {‘” (x) may be reduced 
to the infinite series of residues 


8" (x) = > resg 2. 4 f @” (x, s, AR(s)f(s)ds 
b=0 p= l a 


+ @” (x, a,, d) > x 4 (a,)> ‘ 
h=() 
THEOREM 3. The partial sum, 8," (x), of the series of residues associated with 
the first k characteristic values, is given by 


) l F - : (a) © 
(24) #°'@)=s5J 2 \ -f O (x, 5, A)R(s)f(s)ds 
“ k p= % 


_— — 
+ @ (x, a,,) Do x” (a,) ¢ A'dd, 


h=0 


where T, is a contour in the \-plane enclosing precisely the first k characteristic 
values. 


The relation (2.4) is Langer’s formula (1, (15.10)) except that x; has been 
replaced by s and », by a,. It is clear that the expansion depends on the 
choice of the integer r and that if ] = 0, we have an expansion of the vector 
f(x) itself. 


3. Green’s matrix. The term 


f GO” (x, Ss, A)R(s)f(s)ds, 
p=l a 


appearing in formula (2.4), represents the sum of m integrals. In the complex 
case, each integral is over a curve joining one of the boundary points to the 
point x. These curves may be entirely distinct or they may be drawn so that 
they have segments in common. In the real case, on the other hand, no such 
option exists. The intervals of integration have, of necessity, points in com- 
mon. Consequently, in the real case it is notationally convenient to define 
G(x, s,), which will be called the Green’s matrix, by the relation 


( q ) 
> @” (x,s,r), s<x! 
(3.1) G(x, s,r) = } a tS ON (dg, Go41). 
1— > G@™(x,s,r), s>x| 
{ p=q+l ) 
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With G(x, s, A) thus defined by a distinct formula on each of the subintervals 
into which (a;, @,,) is subdivided by the point x and the intermediate boundary 
points, it is easily verified that 


(3.2) > ‘6. , 5, A)R(s)f(s)ds = | G(x, s, A\R(s)f(s)ds. 
pol ay ai 

Employing (3.1) and (2.3), the discontinuities of G(x, s, A) at the boundary 

points are seen to be such that 


(3.3) G(x, a, + 0, A) — G(x, a, — 0,A) = G™ (x, ay, A) 
= J)(x, A)D-"* (A) W™ (A) 


where, as a notational convenience, the symbols G(x, a; — 0,A) and G(x, 
Gm + 0, A) are used to represent the zero matrix. In terms of Green’s matrix, 
then, formula (2.4) becomes 


wD 1 ¢ oa : 
(3.4) #?(x) = st | | - J G(x, s, AYRM(s)f(s)ds 
271 Te ai 


- » 
+ >> {G(x, a, + 0, A) — G(x, a, — 0,)} | af" ,) | N‘dX. 
p= h=0 
It is of interest to observe that the Green’s matrix defined in (3.1) has all 
the familiar properties of a Green’s function in classical boundary problems. 
Because of its form, each matrix @™ (x, s, 4), regarded as a function of x, is 
a solution of equation (2.la). Since, therefore, G(x, s, A) is a sum of such 
matrices, it is a formal solution of (2.la). It fails to be a true solution because 
of a discontinuity at x = s. Further, it is easily verified that 


m 


> B”(A)G(a, s, ) = ©. 
h=0 
Thus, G(x, s, A) is a formal matrix solution of the boundary problem (2.1). 
The boundary problem adjoint to (2.1) may be defined by 


(3.5a) 3’(x, A) = — B(x, ALAR(x~) + Q(x)} 
(3.5b) R(a, + 0,A) — Bla, — 0,A) = AADW" (A), h=1,2,...,m, 


where for convenience the symbols 3(a; — 0, A) and 3(a,, + 0, A) are defined 
to represent the zero matrix. A matrix 3(x, A) is a solution of this system if 
it satisfies equation (3.5a) and if a parametric matrix M(A) exists such that 
(3.5b) is satisfied. Solutions of the adjoint system, therefore, have discon- 
tinuities at the boundary points. This definition of the adjoint system is con- 
sistent with Langer’s definition (1, (10.1)) if mo is identified with a. 
Because of its form, Green’s matrix, regarded as a function of s, is seen 
to be a formal solution of (3.5a). Moreover, recalling (3.3), its discontinuities 
at the boundary points are evidently precisely those required by (3.5b) with 
)(x, A)D-*(A) as the parametric matrix W(A). As in the earlier case, it fails 
to be a true solution of (3.5) because of an addtional discontinuity at s = x. 





ee 
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The characteristics of Green's matrix will be listed in the form of a theorem. 


THEOREM 4. Green's matrix defined by (3.1) has the following properties: 
(i) It is continuous in x and s except when x = s and when s = a,, u = 1, 


2,...,m. The discontinuity when x = s is given by 


G(s + 0, 5,4) — G(s — 0, 5,4) = &. 
(ii) For each fixed s, it is a formal solution of the boundary system (2.1). 
(iii) For each fixed x, it is a formal solution of the boundary system (3.5). 


The non-homogeneous boundary problem, 


yn’ (x, A) = {AM(x) + Q(x) f(x, A) + F(x) 


> BW" (r)v(a,, A) = 0, 


h=1 
when J is not a characteristic value, has a vector solution u(x, A) given by 
%am 
u(x, A) = | G(x, s, A)F(s)ds. 
a1 
The corresponding non-homogeneous adjoint problem has the vector solution 
%am 
v(x, A) = - | f{(s)@(s, x, A)ds, 
ai 
with 
%am 
e ~~ —1 
a(A) = -j t(s)P(s, A)dsD- (A) 
ai 


as the parametric vector. The verification of these facts is straightforward. 

A reduction of formula (3.4) can be achieved by using the fact that G(x, s, A) 
is a formal solution of the adjoint system. It is more convenient, however, to 
cite the reduction given by Langer in (1, § 17) which results in his formula 
(17.3) and to express this latter formula in terms of the matrix G(x, s, \). 
The result is 


( . = - 
92 = —— c(h . h+t—1 
(3.6) & (x) = uJ. > T (x)A dy 


h=9 
ef err ¥(0\ g(r! 
— » G(x, s, AYR(s)f (s)dsdx. 
atid 7, oY a) 


Since the first term on the right of (3.6) has the value f‘” (x), we may write 


(3.7) 6° (x) = f°? (x) — = bY? (x) 


(3.8) @) = | f rn "'G(x, s, AVR(s)f°r” (s)dsdr. 
re’ ai 
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Thus the problem of showing that 8,” (x) converges to f‘” (x) has been reduced 
to the problem of showing that 
lim 6,” (x) = o. 


ko 


4. The structure of Green’s matrix. The synthesis of Green’s matrix, 
achieved by formula (3.1), is notationally convenient in dealing with the 
formal aspects of the boundary problem. In order to establish the corivergence 
of the formal expansion, however, it is desirable to obtain a decomposition 
of Green’s matrix beyond that exhibited in (3.1). The following lemma will 
be useful in this reduction. 


Lemma 1. Let U™,U™,..., UU be a set of n Xm matrices and let their 
sum, D, be non-singular. Corresponding to each matrix D-'U\™, there is a set 
of (m+ 1) matrices H*”, v = 1,2,...,m+ 1, such that 


m+1 


Dw =} >. 9”, w= 1,2,...,m, 


v=1 


and 
~ (ur) ~ (>) ‘ 
9°” = — 9°’, u,v = 1,2,...,m. 


The matrix $%:"*» has zero components except on its diagonal where each 
component is the corresponding diagonal component of DU. 


Let the symbol %,, represent the matrix in which all the components are 
zero except for a unit component in the Ath row and /th column. That is, 
Sar = (6a6:;), 4,1 = 1,2,...,m. Also, let the matrix 3” be defined by 
Sy” = YF — Yaa. The cofactor of the element in the jth row and the ith column 
of D may be written as |\D3Y** + &,,|. Hence, if D is the determinant of D, 


D7 = 1/D (D9 + ¥j41) 


and 


Du” =1/D (> D3 + 3: u?) 


1/D (x D3 + we: ) 
k=l 

The general component of the matrix on the right is exhibited as the sum 

of m determinants which differ from each other only with respect to their ith 

columns. They may be added, therefore, by replacing the ith column of any 

one of them by the sum of the 7th columns of all of them. Since this column 

sum is readily seen to be the jth column of UW, we have 


DU = 1/D(|DI* + U“Y,,)). 





— 
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The right side of this relation may be expressed as the sum of two matrices, 

one having zeros on the diagonal and the other having zeros elsewhere. Thus, 
‘a 1—é 

(4.1) Du” = (isi IDI" + u9,.1) + (8 Do + u3,.1) 

The second matrix on the right will be represented by the symbol 9@:"*+. 

Since it is a diagonal matrix, we may replace the index i by j so that, 


(4.2) genre on (Su IDY* +4 u3,,|) ; 

The first matrix on the right of (4.1) may be decomposed into a sum of m 
matrices by expanding the determinantal factor of the general component 
as follows. 


D3“97+ >> u’3,, + u"3,, 


IDy** + u” 3 ,,| = 


= 2 IDI" + WSs, + UPS 1. 
Thus, if we define the matrix 5%” by 
(43) 9%” = (t= 2u D397 + U"9,,+ u3,.1) my = 1,2,..., m, 
we have 


> 9*” — (25M ID3** + a S50 ) . 


Hence, 


m+1 


Du” = om am”. 
vel 
An examination of (4.3) reveals that, if »y = uw, the determinantal factor of 
the general element of 5%” has two identical columns. Thus, 
(4.4) §™ =D. 


Again, interchanging the symbols u and » in formula (4.3) has the effect of 
interchanging two columns in the determinantal factor. Since this changes 
the sign of the determinant, we infer that 


(4.5) Ho” = — Hm, 


This proves the lemma. 
It may also be noted that 


m 
(4.6) > oe" = 39. 
p=l 


This is obtained by summing (4.2). 
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In anticipation of a notational device to be introduced later, we define the 
matrix §("*') by 


(4.7) Hirt» — <« He Bd 
and let §‘"*+!""*+) be the zero matrix of order m. Relations (4.4) and (4.7) 
are then valid for » = 1,2,...,m+1, and relation (4.5) is valid for 
py 2@1,2,...,e64+1. 
THOEREM 5. There exist matrices G@”” (x, s,), u,v = 1,2,...,m+ 1, such 
that 
m+1 
(4.8) G@(x,s,4) = >> G(x, s,d),u = 1,2,...,m, 
v= 
and 
(4.9) G®” (x, s, A) = — G* (x, s, A). 


To prove the theorem, let the matrix 1, appearing in Lemma 1, be 
specified by 


(4.10) U™ = BW (Aa)PG,, dr), uw =1,2,...,m™. 


The matrix D of that lemma becomes, then, the characteristic matrix D(A) 
and will be non-singular if \ is not a characteristic value. Hence, 
m+1 


D(a) BW” (A)Y(a,, A) = 9”. 


v=] 


Let G“” (x, s, 4) be defined by 
(4.11) @GW®»)(x, s, A) = D(x, A H*”Y-(s, dA), np,» = 1,2,...,m4+1. 


It follows at once from Lemma 1 and relation (4.7) that the relations (4.8) 
and (4.9) are valid. 
As a particular instance of (4.9), it may be noted that 


(4.12) @ (x, s, A) = ©. 


Further, from (4.6) we infer that 


(4.13) > G(x, s, 4) = P(x, AM "(s, A). 


p= 


The asymptotic representation for the solution 9)(x, 4), obtained by Langer 
(1, (6.10) and (6.11)), is 


(4.14) P(x, A) = B(x, A)E(x, A) 
where, 


G(x, A) = 3,6"), with R;(x) = j r ,(t)dt, 


ai 


and (x, A) has an asymptotic representation of the form 








— 


an 


as 
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B(x, d) = 3+ > >-*B™ (x) + AB, (x, d). 


In the latter relation, k is any natural number and B(x), A = 1,2,..., 
k — 1, and &,(x, A) are indefinitely differentiable in x, and the components 
of &,(x, A) are analytic in \ and bounded for |A| large. 

In view of the representation (4.14) and the definition of U™ in (4.10), it 
is clear that the components of @“” (x, s, A) are exponential sums. To the end 


of deducing the structure of these sums, we prove the following lemma. 


LemMA 2. The matrix 9%” has the representation given in formulas (4.15) 
and (4.16) below. 


Since the components of 3% (A) are polynomials in A, UU may be expressed 
as 


u” = (vf exp{AR,(a,)}), 


where v,,“) is asymptotically a polynomial in 1/\ multiplied by some non- 
negative integral power of A. H“:"*” is a diagonal matrix and, from (4.2), its 
jth diagonal component is seen to be 1/D multiplied by a determinant whose 
jth column is the jth column of Ul and whose other columns are corresponding 
columns of D. Since D = U™ + U® +... + 1, this determinant may be 
expanded into the sum of m"~' determinants, each of which contains the jth 
column of U™ as its jth column, and the ath column of one of the matrices 
U®, WU, ..., 0 as its ath column, a # j. Thus, 


m n 
(4.15) 9o*%"*” = (8 > ser oak a| Ra.) + > Ra(as.) |), 
D tqAT an} \ om fons 

where hyjaxs)%'"*” is asymptotically a polynomial in 1/A, multiplied by 
some power of \. The subscript symbol {k,|a # j} is an abbreviation for the 
set ky, ko,..., Ry-1, Rjaa,..., Rn. The summation operator applies inde- 
pendently to each member of this set. Thus, the jth diagonal component 
of $%-"*» is exhibited as an exponential sum of m"~! terms. 

The matrix 9”, u,v = 1,2,...,m, has zeros on its diagonal. From 
(4.3), the component in the ith row and jth column, i # j, is seen to be 
1/D multiplied by a determinant whose ith column is the jth column of U™, 
whose jth column is the jth column of Ul, and whose other columns are 
columns of D. This determinant may be expanded into the sum of m*-? 
determinants, each of which contains, as its ith and jth columns, the jth 
columns of 0 and U, respectively, and as its ath column, a # i, j, the 
ath column of one of the matrices I, ll,..., 1°. Hence, 


» ~ (pr 1 — 6, ” pr) 
(4.16) S' ) = (3 Sa > hin. axi,j) 


kam 1 ,axi,j 


expr) Ry(a,) + R;(a,) + > Ra(as.) |) ; 


a=l axi,j 
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The notation in this relation is similar to that used in (4.15). This completes 
the proof of the lemma. 

Recalling the definition of G%” (x, s,) in relation (4.11) and the repre- 
sentation of 9)(x, A) in (4.14), we may write 


G“” (x, s, A) = B(x, E(x, A) He” E-"(s, A)P-"(s, A). 


Anticipating the form of the product on the right, let the following two 
relations define their left members. 


(4.17) @inzteety (x, s) = R(x) — R,(s) + Rj(a,) + D> Rela), 


(4.18)  Pitzlaxt.9 (x, 5) = Ri(x) — Rj(s) + Ra.) + Rar) + DS Ralar,), 


a= apt i,j 


p,y =1,2,...,m, ps ». 


Both €(x, A) and its inverse are diagonal matrices, hence, multiplying each 
of the relations (4.15) and (4.16) on the left by €(x, A) and on the right 
by €'(s, A), we have 


m = 6 — m m+1) 
E(x, GPM ME Ns, d) = (& Do hitctenss EXP{APiezTans (,5)1) 


ka= 1 aj 
and 
— 1—6 — » , 
E(x, 1) 5” € ‘(s, d) = (is : > hinclons.s1 exp {APitriext,j (x, 51) . 
Kaw! axti,j 


The matrix @“” (x, s, A) is obtained by multiplying the appropriate one 
of the above matrices on the left by $(x, A) and on the right by $-'(s, A). In 
this connection, we may observe that each component of the product, ABC, 
of three matrices is a linear combination of all the components of %, and 
that each coefficient in this linear combination is the product of some com- 
ponent of &% with some component of ©. From this, and the fact that the 
components of both $(x, A) and $-'(s, A) are asymptotically polynomials in 
1/X, it is clear that each component of G®” (x, s, A) will be an exponential 
sum containing, in general, all the exponential terms appearing in 5%”. The 
coefficients of these sums will, moreover, be of the same form as the coeffi- 
cients in the non-zero components of 5%”, except that they will be functions 
of x and s. Hence, each component of @*'"* (x, s,A), w = 1,2,...,m, is 
of the form 


(4.19) N/D DY DL aieciee}, exp{Agieztaey (x, s)}. 

j=l kKq=l ax j 
Similarly, each component of @” (x, s, A), u,v = 1,2,..., m, is of the form 
(4.20) N/D YL aikalans.s) CXP{APiectaxs.9) (x, $)}. 


i, j=l kg=1,a~i,j 








co 
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The non-negative integer 6 is defined to be the smallest such integer for which 
the coefficients, giz.iens)"'"*" and gi,iext,3)%”, are asymptotic polynomials 
in 1/A for every admissible value of their various indices. The above results 
are summarized in the following theorem. 


THEOREM 6. Each component of @%” (x, s,) is an exponential sum of the 
form shown in (4.19) or (4.20). The coefficient of in the exponent of e in each 
term of the sum is given by (4.17) or (4.18). 


As a useful notational device, we define the square matrix ((G)), whose 
components are matrices, by the relation 


((G)) = ((G” (x, s, A))), gy = 1,2,...,me4+1. 


Because of relation (4.9) in Theorem 5, this matrix is seen to be skew-sym- 
metric. Further, let the symmetric matrix § be defined by 


5 = (o*” (x, s)), 4,9 = > a F 4s 


The components of this matrix are the functions defined in (4.17) and (4.18) 
for all values of » and » for which those definitions are valid. The definition 
of the remaining components is achieved by the relations 


o”” (x, s) = 0, if w= », 
g(™t1-») (x, s) = of *™t) (x, 5s), y»=z1,2,...,m+ 1. 


Thus, the element in the uth row and rth column of § corresponds uniquely 
to the element in the wth row and rth column of ((@)). That is to say, the 
exponential sum which constitutes the general component of @“” (x, s, A) is 
1/D multiplied by a linear combination of exponential terms of the form 
exp{Ad” (x, s)}, where the undesignated parameters in ¢“” (x, s) are allowed 
to range through all their admissible values. It follows that, when we are 
concerned with the sum of any specific block of components in ((@)), the 
exponential sums contained therein will have in their exponents precisely those 
¢@-functions which appear in the corresponding block of components in §. 
The sums of certain blocks of components in ((@)) can be concisely repre- 
sented, if we define the vector b, to be an (m + 1)-dimensional vector with 1 
in the jth place and zeros elsewhere and define the vector i, by the relation 


Thus, recalling (4.8), 
Du ((G)) imya = @ (x, s, d). 


Hence, 


@ 
} 3 G” (x, 5, d) ” t((G)) baa, 


pol 
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and it is immediately clear that this notation can be used to rewrite formula 
(3.1). That is, 
t.((G)) msi; s<xl ( 
: : . ° 5 On \@z, a, ). 
—(i,, — i,)((G))inas, s > xd Seed 


7 


(4.21) G@(x,s,) = 


THEOREM 7. Formula (4.21) for Green's matrix may be reduced to 


Jt.((G)) (aga — i), s<xl son (d,, a 
= . . - : s I Ge, Agrt)- 
(—(i,, = L(G), + Osi), 2 > x/ . e+! 


(4.22) G(x, s, dA) 
This result follows immediately when it is recalled that ((@)) is skew- 
symmetric, and hence, that both i,((G))i, and (i, — i,)((G))(i, — i 
zero. 
The simplification of Green's matrix achieved by Theorem 7 is of basic 


q) are 


significance. In its absence, the definition of regularity would of necessity 
be made in terms of formula (4.21). Such a definition would not permit the 
fundamental conclusion stated in Theorem 8 below. 


5. Regularity of the boundary problem. In § 4 it was noted that 
each component of @“”(x, s, A) is 1/D multiplied by an exponential sum. 
Since D is itself an exponential sum given by (1, (11.3)) 


D = Did) = > A.A) 


@ 
each component of @“”)(x, s,A) may be interpreted as the quotient of two 
exponential sums. A comparison of the exponents of the numerator with 
those of the denominator is clearly vital to a discussion of the convergence 
of 6,“ (x) defined in (3.8). 

Let the set of exponent coefficients {2,| A4.(A) # 0} be represented by the 
symbol Ep. This set is a subset of the set E defined by 


~ { 
yD Rule) 4 
a=! 


where each member of k;, ko, . . . , &, is chosen independently from the integers 
1,2,...,m, (1, (11.3) et seg.). Let the members of the set Ep, be plotted on 
a complex z-plane, and let Pp be the closed region bounded by the convex 
polygon of smallest area which contains all these points in its interior or on 
its perimeter. It may be noted for future reference that the members of the 
set E may be similarly plotted and that they will determine a corresponding 
closed minimum convex polygonal region P. The region Pp may coincide 
with P, but if certain members of the set {A.(A)} are identically zero, Pp 
will be a proper subregion of P. 

The exponent coefficients, defined in (4.17) and (4.18), are functions of s 
for each fixed value of x and each permissible set of values of the parameters 
involved. If the symbol ¢” (x, s) is used to represent any one of these functions 
the relation 


(5.1) z= o””") (x, s 











O 


1s 
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will effect a mapping of any s-interval into a complex z-plane. Since R,(s) has 
a constant argument and R,'(s) # 0, the image is a straight line and the 
mapping is one-to-one. It may be similarly inferred that, for s fixed, the 
relation (5.1) will effect a one-to-one mapping of any x-interval into a straight 
line image. The definition of regularity will be made in terms of the location 
of the s-interval images relative to the region Pp defined above. 


Definition. The boundary problem will be said to be regular relative to a 
specific value of x if, for all permissible values of the parameters {k,| a # j} 
or {k, |a ¥ 1, j}, as the case may be: 

(i) Every ¢-function in the sum 

deal ' 
toiS (l4s = ty) 
maps (@,, @,4;) into Pp for every g such that a,,, < x, and maps (a,, x) into 
Pp when a, < * < G41; 
(ii) Every term in the sum 


(im — iB (i, + Dn+1) 


maps (@,, @,41) into Pp for every g such that a, > x, and maps (x, @,4;) into 
Pp when a, < x < @y41. 

The boundary problem will be said to be regular relative to any subinterval 
of [a;, a,,], if it is regular relative to every x on that subinterval. 


It will be seen, on recalling the representation of G(x, s, A) in (4.22), that 
if a problem is regular, every exponent coefficient in the exponential sum 
constituting the numerator of each component of G(x, s, \) will have values 


lying in Pp for all values of the variable s. 


A sufficient coudition for regularity will now be developed by showing that 
each s-interval mentioned in the definition of regularity is mapped into the 
region P by the mapping functions associated with it. From this it wil! follow 
that if Pp coincides with P the boundary problem is regular. 

If, in the mapping relation (5.1), ¢%” (x, s) is the function defined by (4.18), 
it is clear that the image points ¢“” (a;, a,) and @“” (a,,, a,) belong to the set 
E and are, therefore, in P. Hence, since P is convex, ¢“” (x, a,) is in P for any 
x on [a,, a,,|. Similarly, it may be inferred that ¢“” (x, a,) is in P for the 
same x. This leads to the conclusion contained in the following lemma. 


LemMMA 3. The relation (5.1) with u,v = 1,2,...,m, (u #v) maps the 
s-interval [a,, a,| into a line in P for any fixed x on |a1, dm]. Moerover, if s is 
bounded away from the end points of its interval, z is bounded away from the 
vertices of P. 

If »y = m + 1 in (5.1) and @*”*» (x, s) is defined by (4.17), it is clear that 
the images of all pairs of values of x and s lie on the same straight line. Since 
the points ¢*”"*» (a,, a,) and @*™*" (a,,, ay) lie in P, the point ¢%’"*” (x, a,) 
lies in P for any x on [a,, a@,]. Noting, then, that ¢%°"*" (x, x) is in P, we 
can state the following lemma. 
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LemMA 4. The relation (5.1) with v= m-+1, up = 1,2,...,m, maps the 
s-interval [a,, x] into a line in P for any x on |a;,@m]|. If s is bounded away 
from x and a,, z is bounded away from the vertices of P. 


Let (a,, @,41) be any s-interval determined by a pair of consecutive boundary 
points. If a,4; < x, it is readily seen, by employing the above lemmas, that 
relation (5.1) maps (a,, @,4:) into P provided that u < g and v > g + 1. For, 
under these conditions on » and »v, (a,, @41) is contained in [a,,a,] when 
vy # m + 1 and is contained in [a,,x] when vy = m+ 1. If a, <x < dgi1, a 
similar argument shows that (a,, x) is mapped into P by (5.1) when uw < gq 
and vy > gq + 1. These facts can be summarized by saying that each ¢-function 
in the sum 


ie (imya =" i) 


maps (d,, @g4:) into P for every q such that a,,; < x, and maps (a,, x) into 
P when a, < x < a@,4:. In a similar fashion, it can be inferred that each 
¢-function in the sum 

(im — i Fi, + Dm+1) 
maps (d,, 2,41) into P for every g such that a, > x, and maps (x, a,41) into 
P when a, < x < a@,4;. Comparing these results with the definition of regu- 
larity, the following theorem can be stated. 


THEOREM 8. If Pp coincides with P, the boundary problem is regular. 


The above theorem establishes the fact that all problems in the category 
initially specified are regular except possibly those for which the determinant 
D(a) is degenerate in the sense that Pp is a proper subregion of P. Success 
in establishing this fact depended on the relations (4.9) and (4.12), by means 
of which the original form of Green’s matrix given in (3.1) was simplified to 
the form exhibited in (4.22). The relations in question apply equally well in 
the more general complex case. Consequently, Langer’s regularity conditions 
could, with advantage, be amplified to include a recognition of the simplifying 
properties of these relations. In this connection, it should be noted that 
Langer made specific mention of the possibility of a simplification within the 
formula for a single matrix © (x, s,\), but that the simplification suggested 
here occurs between the terms of a sum of such matrices. Hence, in order to 
take advantage of the relations, the paths of integration, corresponding to 
those in formula (2.4), need to be chosen so that some of them have segments 
in common. This will generally be possible and the attendant simplification 
will be sufficient to admit as regular many problems (the present one is a 
case in point) which would not be regular according to a literal interpretation 
of Langer’s conditions. 


6. Convergence of the expansion. The convergence discussion given in 
(1) is applicable here, but it will be replaced by one which imposes a less 
restrictive condition on the vector to be expanded. 








— 
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The matrix @(x,s,) is a sum of matrices whose components are displayed 
in (4.19) and (4.20). The multiplication of G(x, s, A) on the right by R(s) f+ (s) 
will, therefore, yield a vector whose components are sums of functions of the 
form 


6 
_ h”” (x, s, 4) exp{rg”” (x, s)}, 


where h“”)(x, s,) is asymptotically a polynomial in 1/A. Let the integer p 
be chosen as in (1, § 12) so that, for each a for which Q, is a vertex of the 
polygon bounding Pp, the function 

A~*De%a, 


(1, (12.2)), is uniformly bounded from zero for \ on the contours of the 
set {T,}. Define k&” (x, s, A) by 


5h, s, 4) = k™” (x, s, \)v’e*** 


so that k” (x, s, \) is bounded and integrable in s and \ for \ on T,. A typical 
term in the sum that comprises any component of the vector 6,‘” (x), as defined 
in (3.8), is given by 


(6.1) f f pi tee-r-tp) (esd) exp{r(o”” (x, s) — Qa)} dsdd. 
re’ ai 


If x is a point at which the boundary problem is regular, ¢“” (x, s) lies in 
the region Pp for every s on (a;, a), with the exception of the boundary 
points @2, @3,...,@m—1, and the point x at each of which the integrand is 
not defined. For any A, then, the index a can be chosen so that 


(6.2) R{rA(o*” (x, s) — 2.)} < O 


for all values of s. There will, moreover, exist a sector on the \-plane, which 
may be specified by 


(6.3) tf. < argv < & 


such that the inequality (6.2) is maintained for ail \ therein. A finite set of 
such sectors will cover the whole \-plane and will effect a subdivision of the 
contour T, into segments. The symbol I; will be used to designate that 
segment which lies in the sector specified by (6.3). The integral (6.1) may 
be expressed as a sum according to the partition of I, and a further decom- 
position is determined by partitioning [a,, a,,] at the points de, a3, ... , @m—1, 
and x, where the integrand is discontinuous. In consequence, we may say that 
any component of the vector 6b,“ (x) consists of a sum of terms of the type 


d 
(6.4) f f A w(x, s, A)dsdd, 
Tea c 


where c and d are any two consecutive partition points of [a;, a,,] and 


(6.5) g(x, s, A) = AP -e-rR”) (x, 5s, A) exp{A(G%” (x, s) — Q,)}. 
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The non-negative integer 7, on which the expansion depends, is assumed to 
be at least as large as 6 — p and sufficiently small to insure the existence of 
f‘r+) (x). Let the exponent of \ in (6.5) be written as / — 1,, where 1; = — @ 
+p+r. If 1 <k, it is clear that ¢(x,s,\) is bounded and integrable for 
d large. 
If{l< kh, 
lim ¢(x,s,A) = 0 
[Al 
uniformly in s on (c, d). Thus it is easily inferred that integral (6.4) converges 
to zero as k—»@. From this it follows that b,‘”(x) converges to zero and 
8," (x) converges to f((x) as R- @. 
If / = 1, and if, for e arbitrary, arg \ and s are restricted by & + € < arg \ 
< &' —e« and c+e<s<d-—e, respectively, then, recalling Lemmas 3 
and 4, § 5, 
lim exp{A(¢"”’ 
Alo 


x 


uniformly in s. At once, 


lim ¢(x,s, A) = 0, 

Al x 
uniformly in s, for arg \ and s restricted as above. From this it follows easily 
(see (2, Lemma 1, p. 166)) that integral (6.4) converges to zero, and hence 
that 8,{"(x) converges to f‘9(x) as k- @. 

Combining the two cases, then, it may be stated that the series 8°” (x) 
converges to f(x) for 1 < 1. The convergence is readily seen to be uniform 
in x on any closed interval on which the boundary problem is regular. 

If 1 < l, it is easily inferred (see (1, § 17)) that the series arising from the 
term-by-term differentiation of 8‘(x) converges to f’(x). In particular, 
8 (x) converges uniformly to f(x), and this series admits of term-by-term 
differentiation to the order /,. The following theorem summarizes some of 
these results. 


THEOREM 9. Let + be the larger of the integers 0 and 0 — p. If f(x) is any 
vector with a bounded and integrable derivative of order (r + 1) on a closed 
subinterval |c,d] on which the boundary problem is regular, then the series ex- 
pansion 8 (x), associated with r, converges uniformly to {(x) on |c, d|. More- 
over, if 0 — p is negative, this series admits of term-by-term differentiation to 
the order of p — 8. 
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ON STABILITY IN THE LARGE FOR SYSTEMS OF 
ORDINARY DIFFERENTIAL EQUATIONS 


PHILIP HARTMAN 


1. Autonomous systems. This note concerns the stability of systems 
of (real) differential equations in the large on Euclidean space E”* and on 
certain Riemannian manifolds M”*. The results will be refinements of those 
of Krasovski (3), (4), (5) and of Markus and Yamabe (8) and will make 
clear the role of the various assumptions in the type of theorems under 
consideration. 

In this section, the main theorems are stated for autonomous systems 


(1) x’ = f(x). 


Their proofs are given in § 2, 3, 4. In § 5, 6, 7, generalizations to non-autonomous 
systems are made. 

The following notation will be used below: Let A* denote the transpose of 
the (real) matrix A = (ay), A” the Hermitian part, $(A + A*), of A. For 
any two matrices A and B, let A < B mean that A” < B®", that is, that 
B® — A® is positive definite. Finally, let J be the unit matrix. For points 
x, y of Euclidean space, x-y denotes the scalar product and |x| = (x-x)! > 0. 
It will generally be assumed that: 

(A) M = M" is a complete Riemannian manifold with a positive, definite, 
metric tensor g(x) of class C', and f(x) is a contravariant vector field of 
class C' on M. (The covariant derivative of f is the tensor with components 


F¥ im = Off /dx™ + g™[jm, i}f’, 
where 
[jm, i] = $(Og5,/Ax™ + Ogm,/Ox? — Ag sm/Ox*).) 


The distance between two points x, y of M, considered as a metric space, 
will be denoted by d(x, y). By d(x) will be meant the distance d(x, x°) from 
x to a fixed point x° of M. 


LEMMA 1. Assume (A). Suppose that the tensor e;; = guf*,, satisfies 
(2) (€45) <a 
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Then every solution x = x(t) of (1) exists for large t > 0; furthermore, if 
x = x(t), x2(t) are two distinct solutions of (1) for t > 0, then 


(3) d(x,(t), x2(t)) is decreasing 

fort > 0. In particular, if there exists a stationary point x = xo, 
(4) f(x) = 0, 

then every solution x = x(t) # xo satisfies 

(5) d(xo, x(t)) |0,t- @ 


(where “|” signifies “‘decreasing’’). 
It can be remarked that if the condition (2) is relaxed to 
(2’) (€;3) < 0, 


then the assertion concerning the existence of x(¢) for large ¢ remains valid, 
but (3) must be replaced by 


(3’) d(x,(t), x2(t)) is non-increasing 


and, of course, (4) then does not imply (5) or even d(x(t),xo) ~0 as 
t— o, Assertion (3’) implies, however, that there is a constant C, depending 
only on f(x) with the property that if x = x(t) is any solution of (1) for 
t > T, then 


(6) d(x(t)) < d(x(T)) + C(t — T) for t > T. 


In order to see this, let x = x,(¢) be the solution of (1) satisfying x,(0) = x°, 
where x° is the reference point of M in the definition of d(x) = d(x, x°). Let 
s > 0, and consider the solution x = x,(¢ + s) of (1). Then, by (3’), 


d(x,(t + s), x3 (t)) < d(x,(s), x,(0)) for ¢ > 0. 


This clearly implies the existence of a constant C > 0 such that d(x,(t)) < Ct 
for ¢ > 0. The inequality (6) follows from this fact and (3’), where x(t) =x2(t). 

Lemma 1 is similar to results of Lewis (7) and Opial (9). These authors 
deal with the case where M is replaced by a compact set. One new feature 
of Lemma 1 is the important remark that (2’) implies that all solutions 
exist for large ¢t. The end of the proof of Lemma 1 is similar to an argument 
of LaSalle (6). 

In the last part of Lemma 1, (2) need not be required at x = x». 

A consequence of (5) is that f(x) # 0 for x # xo; that is, under the con- 
dition (2), there is at most one stationary point. It is of interest to note that 
a strengthened form of condition (2) implies the existence of a (unique) 
stationary point. This is the assertion of the following theorem. 


(1) Assume (A). Let \(r) be a positive, non-increasing function of r for r > 0 
such that 


(7) JPx@ar = ©, 
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Let the tensor ej = Zjmf"% satisfy 
(8) (ex (x)) < — A(d(x)) (gjx(x)). 


Then there exists a unique point x = xo of M satisfying f(xo) = 0. (Hence, by 
Lemma 1, all solutions x = x(t) # xo of (1) satisfy (5).) 


Markus and Yamabe (8)' prove a result concerning solutions of (1) in which 
it is assumed that f satisfies (8), but (7) is replaced by the stronger condition 


rc 


%e i 
| | exe(—o J nu)du [a < @ for alle > 0. 
0 


Although their assumption is stronger than (7), their conclusion is apparently 
weaker than (5), since they did not notice (3) or that (1) has a unique stationary 
point. For weaker versions of (I) in the case that M” is Euclidean space E" 
(or the vector space R" with a constant positive definite metric tensor 
G = (gyx)), see (3), (4), (5). 

If the proof of (1) is combined with that of Lemma 1, there results the 
estimate 

d(x(t), x0) < d(x(S), xo)eXO-® 


for t > Sif x(t) is defined for ¢ = S. In this inequality, c = d(xo) + d(x(S), xo). 

It turns out that most of the assertions of (I) remain valid if (8) is relaxed to 
(9) ens f® < — A(d(x))gpf*f*. 

(la) Assume all conditions of (1) except that (8) is replaced by (9). Then: 

(i) any solution x = x(t) of (1) defined at t = 0 exists for t > 0; 

(ii) the limit x() = lim x(t), t-—> ©, exists and is a stationary point, 
f(x(@)) = 0; 

(iii) if x(t) # x(@) and 

v(t) = (gyf*f*)' at x = x(t), 

then v(t) | 0, t> @; 

(iv) the set of stationary points x = Xo of f(x) is connected; hence, 

(v) if the stationary points x = xo of f(x) are isolated (for example, if 
det (¢j.(xo)) # O whenever f(xo) = 0), then f(x) has a unique stationary point 
x = x9 (so that x(@) = xo is independent of the particular solution x(t)). 


The proof of (Ia) gives the following improvements of (i)—(iii): a solution 
x = x(t), t > 0, of (1) has the a priori bound 
(10) d(x(t)) < c, where c = L,(L(d(x(0))) + 2(0)) 
and w = L;,(r) is the inverse function of 
(11) L(w) -| X(r)dr; 
also, d(x(t)) < c implies 
‘Added in proof. See also Osaka Math. J., 12 (1960), 305-317. 
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(12) 0 < v(t) < v(O)e”! for i> 0 
and 
(12’) d(x(t), x(@)) < (v(0)/A(c))e** for ¢ > 0. 


If condition (7) does not hold, but the initial point x = x(0) of a particular 
solution x = x(t) is such that the definition of ¢ in (10) is meaningful, then 
assertions (i)—(iii) are valid for this x = x(t). 

The following example shows the need for the additional hypothesis in 
part (v) of (la): Let m = 2 and M = E?* be the Euclidean plane with co- 
ordinates x = (x', x”). The system of differential equations x’ = — (x', 0) 
satisfies the analogue of (9) with A(r) = 1. The stationary points of this 
system form the line x' = 0. The general solution is 


(xte~*, x5) — (0, x0) 


and 
v(t) = |xdle~' | 0, ast @. 


Lemma 1 implies the following statement for the case that M = M” is the 
Euclidean space E". 


LEMMA I’. Let f(x) be of class C' on E" and let J(x) = (Af/dx) be the Jacobian 
matrix of f. Let J(x) < 0 for all x # xo, where xo is a stationary point, f(xo) = 0. 
Then every solution x = x(t) # xo of (1) satisfies |x(t) — xo| | 0, ast— @. 

The following is a corollary of (1) when M = E" is Euclidean space. 

(I’) Let a map T: E* — E* be given by y = f(x), where f(x) is of class C' 
on E", and let J(x) = (df/dx). If J(x) < — A(|x|)I, where X = X(r) is as in 
(1), then T is one-to-one and onto. (Hence all solutions of (1) satisfy |\x(t)—x | | 0 
as t—> ~, where x = Xx» is the unique point satisfying f(xo) = 0.) 

It is clear that J < — A(|x|)I does not imply that 7 is onto (even in the 
case nm = 1) if (7) fails to hold. 


2. Proof of Lemma 1. Let x = x(t;x,;) be the unique solution of (1) 
satisfying the initial condition x(0;x;) = x; Let x(t) = x(t;x,) and 
xo(t) = x(t; x2), where x, x2 are distinct arbitrary points of M. Suppose that 
x,(t) exists on a closed interval [0, 7] where 7 > 0. Let x = 2(u), where 
0 <u <d = d(x,, x2), be a geodesic of minimal length satisfying 2(0) = x, 
and 2(d) = xe. Finally, let x = x(t, u) = x(t; 2(u)) be the solution of (1) 
determined by x(0, u) = 2(u). 

Let « have the property that if 0 < u < e < d, then x(t, u) is defined for 
0 <t < T. In any case, x(t, €) exists on some interval [0, S]. Let L(t) denote 
the length of the curve x = x(t, u), where 0 < u < ¢, fora fixed t,0 <t< S. 
Then 


(13) Lit) = f (gn(x)y’y")'du, 
de | 


where x = x(t, u) and y = dx(t, u)/du. 
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By (1), y is a solution of 
(14) y’ = J(x)y, where J(x) = (df/dx), 
x = x(t, u), and wu is fixed. Note that y(0,u) = dx(0, u)/du = d2/du ~ 0; 
hence y(t, «) # 0. By (13) and (14), L’ = dL/dt is the integral of the product 
of 4(gj(x)y’y*)? and of (g,y*y*)’. This last factor is 


(Og n/dx™)f"y’y* + 2g ny? (f*/dx™)y™. 
If [j,k] denotes the Riemann-Christoffel symbo! of the first kind, then 
Og ./dx™ = [jm, k] + [km,j] and df*/dx™ = f*,, — g™[jm, i}f?. Hence, the 
expression in the last formula line is 2g,f*,,jy*y"; that is, 
(gny’y*)’ = eny*y*. 
Thus, L’(t) < 0 for 0 < t < S, so that L(t) < L(O) = d(x, 2(e)). 
Since d(x;(t), x(t, €)) < Li), 
(15) d(x; (t), x(t, €-)) < d(x, 2(€)) 


for 0 < t < S. Clearly, (15) implies that the solution x = x(t, e) of (1) exists 
for 0 < t < T. Hence x(t, u) exists for 0 < t < T for each fixed u,0 < u < d. 
In particular, x = x2(t) = x(t, d) exists for 0 < t < T. 

If the point x2 in the last argument is chosen to be x2 = x,(7), so that 
x2(t) = x(t + T; x), it follows that x,(¢) exists for 0 < t < 27. Repetitions 
of this argument show that x,(¢) is defined for all ¢ > 0. Since x, is an arbitrary 
point of M, the first assertion of Lemma 1 follows. The second assertion (3) 
follows from the case e = d of (15). 

As to the third assertion, let x = x(t) # xo be defined for ¢ > 0. Then, by 
(3), do = lim d(xo, x(t)) exists as t—+ ~. Suppose, if possible, that (5) does 
not hold, so that dp > 0. Then there are ¢t-values t; < tg <.... such that 
tm > © and x; = lim x(t,) exists, as m—> . Clearly, d(x;, x9) = dy > 0. 
Let x = x(t) = x(t — tn; x1) be the solution of (1) determined by the initial 
condition xm(tm) = x; Then d(x,(t), x0) < do for t > t,. The continuous 
dependence of solutions on initial conditions implies, therefore, that 
d(x(tm + 1), x0) < do for large m. But this contradicts dy < d(x(t), xo) — do, 
t— «. Thus Lemma | is proved. 


3. Proof of (I)-(Ia). Let x = x(t) be a solution defined at ¢ = 0 and 
let y = x(t). Then y = y(¢) satisfies the linear equation (14), where x = x(é). 
Consider the speed 
(16) v(t) = (guy‘y*)', where y = x’ =f. 

It follows that dv?/dt = 2egm(x)y*y"; see the calculation of L’(t) in § 2. Thus 
(8) or (9) implies dv?/dt < — 2d(d(x))v? or, since v > 0, 
(17) v’ < — A(d(t))v, where d(t) = d(x(#)). 


Define a function w = w(t) by 


(18) w(t) = d(0) + J v(s0as. 








ius 
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By the definition of distance on M and the triangular inequality, 
(19) d(t) < w(), 
and so, by the monotony of A, A(d(t)) > A(w(t)). Since w’ = » > O and 


w’’ = v’, (17) implies that 
w'’(t) < — A(w(t))w’ (0). 


Hence 


w(t) 


w'(t) < w’(0) — f ia A\(w)dw. 


In view of w’ = v and the definition of L(w) in (11), this can be written as 
v(t) < v(0) + L@O)) — L(w(d). 
Since v(t) > 0, (19) implies that 
L(d(t)) < L(w()) < L@O)) + (0). 


This shows that x = x(t) is defined for all ¢ and satisfies (10). 

By (10) and (17), v’ < — A(c)v < 0 for ¢ > 0. Hence (12) holds and either 
v(t) = 0 or v(t) | Oast— o. Thus if x = xp» is any cluster point of x = x(#), 
t—+ », then (16) shows that f(xo) = 0. In view of Lemma 1, this completes 
the proof of (I). 

Also assertions (i), (iii) of (Ia) have been proved. The definition (16) of 
v(t) and the inequality (12) show that the length of the curve x = x(#), 
0 <t< o, is finite, 


Senter" x" Oya = [oma < @. 


This implies (ii) in (Ia). 

Since (v) follows from (iv), it only remains to prove (iv). The verification 
of (iv) to follow can be modified to show that the set of stationary points of 
(1) is a retract of M. 

In order to prove (iv), let Q be the set of stationary points of (1). Consider 
a map P: M — Q defined as follows: if x = x(¢) is an arbitrary solution of (1) 
fort > 0, put Px(0) = x(@). It is clear that the range of P is the set Q. Since 
M is connected, it will follow that Q is connected if it is verified that P is 
continuous. 

To this end, let x; be any point of M and M, the sphere d(x, x) < 6. The 
proof of the existence of x(@) above shows that if « > 0, then there exists 
a T = T(e) > O independent of 5, 0 < 6 < 1, with the property that if x(0) 
is in M,, then d(x(T), x(@)) < e; cf. (12’). With T = T(e) fixed, choose a 
positive 6 = 5(€) < 1 so small that d(x,(T), x(T)) < « if x = x,(#), x(t) are 
solutions of (1) determined by x,(0) = x; and any point x(0) of M;, respect- 
ively. Thus x(0) in M;, implies that d(x,;(@),x(@)) < 3¢. This proves the 
continuity of P and completes the proof of (iv) and of (Ia). 
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4. On flat metrics. The proofs of Lemma 1 and (I) are particularly 
simple if M” is a real n-dimensional vector space with a metric G = ||g,\|, 
where G is a constant, symmetric, positive definite matrix. If J[s] = J(xes+x, 


(1 — s)), then 
f (x2) — f(x) = (f JIs\ds) (x2 — %). 


Hence, for any constant matrix G, 
71 


(x2 — x1)-G(f(x2) — f(x:)) -| (xe — x1)-GJ[s](xe — x,)ds. 


For example, if GJ <0 and x; # x2, then the integral is negative so that 
the map 7: M" — E" given by y = f(x) is one-to-one. 

If f(xo) = 0, then (1) can be written as (x — xo)’ = f(x) — f(xo). Hence 
GJ < 0 implies 


el 
(20) (x a xo)’ -G(x — Xo) -{ (s — x9) -GJ[s](x — x9)ds < 0, 


for x * xo. A simple direct proof of Lemma 1’ follows at once from this. 
The equation in (20) does not seem to have been exploited in the study 
of stability; cf. the comparatively complicated proof in (1), pp. 31-32, of the 
result of Krasovski which results if GJ < 0 is replaced by the stronger assump- 
tion GJ(x) < — ef < 0 and (5) by the weaker assertion x(t) — xo, t > 0. 
Another application of (20) will be given for non-autonomous systems in 
(II’) in the next section. 


5. Non-autonomous systems. The results above can be generalized 
somewhat to systems in which ¢ occurs explicitly, 
(21) x’ = f(t, x). 
Below it will be assumed that 

(B) M, gu(x), d(x, y), d(x) are as in (A). f(t, x) isa C' contravariant vector 
field on M for every fixed ¢ > 0; also f and its derivatives along M are con- 
tinuous in (t, x). 

The techniques of § 2 above (cf. (7), (9), (10)) imply the following analogue 
of Lemma 1. 

LEMMA 2. Assume (B). Let xo be a point of M satisfying 
(22) f(t, Xo) = 0 for t > 0. 
Let the tensor ey,(t, x) = gym (x)f" x(t, x) satisfy 
(23) (en(t,x)) < O [or < 0}. 
Then all solutions x = x(t) of (21) exist for large t, and d(xo, x(t)) is non-increasing 


[or decreasing]. If, in addition, for every c > 0, there is a non-negative function 
u(t) = uw. (t) defined for t > 0 and satisfying 


| 
| 





le 
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(24) Puwat = @ 
and 
(25) (en(t, x)) < — ue(t)(gpn(x)) for t > 0 and d(x) < ¢, 


then every solution x = x(t) of (1) satisfies 
(26) d(xo, x(t)) ~0 as t— @, 


For the case that u,(¢) > 0 is independent of ¢ and ¢, and £ x(x) is inde- 
pendent of x, see (20), and Winter (10); also Krasovski, see (1, p. 31). 

The obvious way to generalize (I) from (1) to (21) is to require an analogue 
of (7), (8) for a monotone A(r) and to assume that the length of f, (g(x) 


filt, x)f* (t, x)), isa non-increasing function of ¢ for every fixed x on M. But 


if, for example, e,(t, x) satisfies 
(27) (en(t, x)) < — A(x) (En (x)) 


at ¢ = 0, where A = X(r) is as in (1), then it follows that there is a unique 
x = Xo satisfying f(0, xo) = 0. Thus, when the length of f is a non-increasing 
function of ¢, one has trivially that f(t, x») = 0 for ¢ > 0. 

A different generalization of (I) is given by 


(Il) Assume (B) and that f, = Af/dt exists and is continuous in (t, x). Let 
A(r) be as in (1) and put 


(28) L(w) -{ A(r)dr. 


Let a(t) be a non-negative, continuous function integrable over 0 <t < @, 


(29) A - | a(t)dt < o, 


Let N(w) be a non-decreasing function of w for w > 0 satisfying 

(30) L(w) — AN(w) > © as w— &. 

Assume that e;,(t, x) satisfies (9) and that the length of f ,(t, x) satisfies 
(31) O < [gy(x)fir(t, x)f*(t, x)]! < a(t) N(d(x)) 


for t > 0 and x in M. Then: 

(i) the limit f(x) = lim f(t, x), t—> ©, exists uniforml yon compact sub- 
sets of M; 

(ii) every solution x = x(t) of (21) exists for large t and tends to a limit 
point x(@) which satisfies f(x()) = 0; 

(iii) the function 

v(t) = (gyx"x*’)} 

tends to0 as t— @~; 
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(iv) af, im addition, there is a positive function v = v(c) for c > 0 such that 
(en(t,x)) < — v(c)(gpn(x)) for t > 0, d(x) <c, 


then the limit function f(x) has a unique zero x = Xo (so that x(~) = xo does 
not depend on the solution x = x(t)). 


The proof will furnish a priori bounds for d(x(#)) and a priori estimates 
for the o(1)-functions d(x(t),x(@)) and v(t) depending only on the initial 
conditions for x = x(t). 

One of the main difficulties in the proof of (iv) in (II) is the fact that the 
limit function f(x) need not be of class C' or even Lipschitz continuous, so 
that, @ priori, it is not clear that the solutions of x’ = f(x) are locally unique. 
Local uniqueness will be proved by the use of a theorem of van Kampen (2). 
In any case, the assertion (iv) in (II) cannot be obtained from (Ia). 

If all assumptions of (II) hold except (30) and if N(w) < const. L(w), 
then (II) becomes applicable when 0 < ¢ < @ is replaced by T < i < © for 
a sufficiently large T (since A is then replaced by an arbitrarily small con- 
stant). 

Under the assumptions of (II), it follows that f(t, x) is a bounded function 
of ¢ for fixed x. This suggests the following: 


(II’) Assume (B) and that M = E*. Let G be a positive definite, constant 
matrix and \ = X(r) a positive, non-increasing function of r(> 0). Suppose 
that a, 8 are positive constants satisfying a®I < G < 8°I, that 


(32) GJ (t,x) < — A(|x|)J, 

that f(t,0) ts a bounded function of t > 0, and that 

(33) © > (a/p*) lim sup A(r)r > Lub. |f(t, 0)|. 
; ent 0<€ <a 


Then every solution x = x(t) of (21) exists for large t and is bounded ast — @. 


It will also be clear from the proof that if, in addition, either f(t,0) -~ 0 
ast— © or 


(34) Sve 0)|dt < @, 


then |x(#)| - O0ast— o. Furthermore, if conditions (32) and (33) are replaced 
by the assumptions GJ(t,x) <0 and (34), then the conclusions of (II’) 
remain valid and lim x(t) -Gx(t) exists as t—> ~; cf. (47) below. 


6. Proof of (II). The first part of the proof of (II) is similar to that of 
(1). Let x = x(t) be a solution of (21) on some interval (0 <) S <i < T. 
Define v = v(t) by (16). Then 


(v?)’ = eem(t, x)y*y™ + 2g yf*f* :. 





>0 
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By Schwarz’s inequality, 

lenff*l < lend fl lens? f*l*. 
Thus, by (16), (9), and (31), 
(35) v < — A(d(é))v + a(t) N(d(d), where d(t) = d(x(d)). 
Define w = w(t) by (18), so that (19) holds and 

w’ < — rX\(w)w’ + a(t) N(w). 

A quadrature over [S, t] gives 

w'(t) < C — L(w(t)) + AN(w(), 


where C = w’(S) + L(w(S)) and the justification for the last term is the 
fact that N(w), w(t) are non-decreasing in w, t, respectively. 

Since w’ = v > 0, it is clear from (30) that there does not exist any 7)(< @) 
such that w(t) © as t—» Ty, — 0. Hence x(#) exists for all ¢ > S and is 
bounded; in fact, d(x(t)) < c for t> S if L(c) — AN(c) > C. 

Let d(t) < c for t > S, then (35) gives 


vo < — A(c)v + N(cja(t). 
Hence, for ¢ > S, 
(36) 0 < v(t) < o( Serer ® +o J ea (s)ds, 
Ss 


so that (29) implies v(t) - 0 as t-> ~. Thus, the definition of v shows that 
(37) f(t, x()) 70 as t- @, 
Integrating (36) for S < t < T gives 
Joa < (v(S)/r(o)) (1 — eNO) + Ne) fer" f otal s)dsdt 
An integration by parts shows that the last (iterated) integral is 1/A(c) times 
anor fey (t)dt + J awa 
hence 
nic) f “vat < (5) +N(6) J “awat < @, 
Consequently, x() = lim x(t), t-— ©, exists and satisfies 
Nedd(e(), x(@)) < 010) + NO) J “als)as. 


The assertion (i) of (II) concerning the existence and uniformity of the 
limit f(x) = lim f(t, x), ©, is clear from (29) and (31). Furthermore, (37) 
implies that f(x()) = 0. Thus (i)-(iii) are proved. 
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In order to prove (iv), it is sufficient to verify the following: 


(*) Assume the conditions of (11), including those of (iv) concerning v = v(c). 
Let p denote a point of M. Then solutions of 


(38) p’ = f(b) 
are uniquely determined by initial conditions; all solutions exist for large t > 0; 


and d(p,(t), p2(t)) is a decreasing function of t if p = p,(t), po(t) are distinct 
solutions on a common t-tinterval. 


To this end, let x = x,(t) and x = x2(t) be two distinct solutions of (21) 
for t > S. Let z = 2(u), where 0 < u < d, be a geodesic of minimal length 
joining x = x,(S), x2(S) and let x = x(t, u) be the solution of (21) determined 
by x(S, u) = 2(u). As in § 2, define L(t) = L,(t) by (13) fort > S,0 < « < d. 
Then (e,(t, x)) < 0 implies that L,(t) is a non-increasing function of t. Since 
x = x,(t) is bounded as t— @, it follows that there exists a constant c > 0 
such that d(x(t, u)) < c for t > S, 0 < u < d. Hence, by (27), 


dL,(t)/dt < — v(c)L,.(t) for t > S; 
cf. the derivation of L’(t) < 0 in § 2. Since d(x,(t), x2(t)) < L,(t), 


(39) d(x, (t), x2(t)) < d(x,(S), x2(S))e~"O-® 
fort > S. 

Let M, be a bounded (open) set of M. Consider the family of solutions 
x = x(t; to, x) of (1) determined by the initial condition x(to; to, x1) = x4, 


where tp > 0 and x; is a point of M,. Then the derivation of (39) shows 
that there is a constart c = c(M,) such that d(x(t; to, t:)) < c for t > to > O. 
Hence (39) holds for tp < S < t < @ if x,(t) = x(t; to, x1), xo(t) = x(t; to, x2), 
and x1, x2 are points of M,. 

Let y = Ox(t; to, x1)/Ou, where u # to is one of the parameters determining 
the solution x = x(t; to, x1). Then the length of y, (gnyy*)!, is a decreasing 
function of ¢ (> to); cf. the derivation of (39). In particular, y(t; to, x;) is 
uniformly bounded for ¢ > to and x; in M. Consequently, x(t; to, x1) is uni- 
formly bounded and uniformly Lipschitz continuous with respect to ¢ and x; 
for t > t0 > O and x; in M,. 


It follows that there is a sequence of ¢-values t; < te <... such that 
t,— © and 
(40) b(t; x1) = lim x(t + ty; tej x1) 


exists uniformly for x, in M, and bounded ¢ > 0. Furthermore, (40) is uni- 
formly Lipschitz continuous with respect to x; in M, for t > 0. Note that 
Pn = x(t + ty; tn, X1) is a solution of the initial value problem 

Pa =S(t + try Pn),  Pn(O) = x. 


Hence (40) is a solution of 


(41) pb’ = f(p) and p(O) = x. 
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Also, an obvious limit process in (39) shows that 
(42) d(p(t; x1), p(t; x2)) is decreasing in ¢ if x; # x, 


t > O and x, x2 in M,. 
Through any point of M, there passes at most one path of the family 
x = p(t; x,); that is, 


(43) p(t + s; x1) = pt; p(s; x1)). 
In order to prove this, let y = y(t; to, x1) be defined by 
(44) = dx(t + to; to, %1)/dto. 


Then y = x’ + 0@x/dto, and so 


, 


yo = x" + J(dx/dto) = Ix’ + f, + J(Ax/dto). 
Consequently, 
(45) y¥ =Jy+fy yO) =9, 
where the argument of J and f, is (t + to, x(t + to; to, x:)). The condition 
y(0) = 0 in (45) is clear from x(to; to, x1) = x1. If Y = (g ny")! is the length 
of y, then 
(¥?)’ = 2eny’y* + 2g ny’f*. 

The derivation of (35) shows that 

Y’ < —A(c) VY + Ni(cjalt + toe) < N(calt + to). 
Since Y(0) = 0, 


f+ to 
Y(t) < Nie) | a(s)ds ~Oastyp > @&. 
t 


0 


As ¥ is the length of y, (44) implies that 
(46) x(t + s + to; s + to, x1) — x(t + to; to, x1) ~ 0 as tp > @ 


uniformly for x; in M, and bounded s,¢ > 0. The relation 


x(t +s+ to; to, X1) = x(t +st+tiist+ to, x(s + to; to, X1)), 


the uniform Lipschitz continuity of x(t; to, x1) with respect to x, and (40) 
give 
x(t +S + ty; tay Xi) = X(t + ty; te, P(S; X1)) + 011), 


where 0(1) — 0 as n— © uniformly for x; in M, and bounded s, ¢ > 0. The 
equation (43) for s,t > 0 follows from this. Clearly, (43) is valid for those 
s,t for which the quantities in (43) are meaningful. 

A theorem of van Kampen (2) implies that (41) has a unique solution 
locally. The conditions of van Kampen’s theorem are that f(p) is continuous; 
that (38) possesses a family of solutions p = p(t; x,), where p(0; x,) = x; and 
b(t; x,) is defined on an open interval which can depend on x,; that p(t; x,) 
is locally, uniformly Lipschitz continuous with respect to x,; finally, that 
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(43) holds whenever the quantities in (43) are meaningful. The conclusion 
is that (41) has a unique solution locally. 

This uniqueness assertion, together with (42), gives assertion (*). Hence 
the proof of (II) is complete. 

Remark. If »v(c) = 0 is permitted, (*) remains valid if “d(p,(¢), p2(t)) is a 
decreasing”’ is replaced by “‘d(,(¢), p2(¢)) is a non-increasing.” 


7. Proof of (II’). Let x = x(t) be a solution of (21) defined at ¢ = S. 
Write (21) as 
x’ = [f(t, x) — f(t, 0)] + @,9)). 


Then an analogue of (20) is 
1 
x-Gx' = f x-GJ|s|xds + x-Gf(t, 0), 
0 
where J[s] = J(t, xs). Thus, if r? = x-Gx, it follows from a|x| < r < B|x|, (32) 
and the monotony of x, that 
(47) 1’ < [— (r/a)(a/B*)A(r/a) + | f(t, 0)|I6. 
Assumption (33) implies that there exists a constant R such that 
R>r(S) and (R/a)(a/8*)A(R/a) > [f(t, 0)| for t > S. 


Since r(S) < R, it is clear from (47) that x = x(t) exists and that r(t) < R 
for t > S. 


REFERENCES 
1. W. Hahn, Theorie und Anwendung der direkten Methode von Ljapunov (Springer-Verlag, 
1959). 
2. E. R. van Kampen, Remarks on systems of ordinary differential equations, Amer. J. Math., 
59 (1937), 144-152. 


3. N. N. Krasovski, Sufficient conditions for stability of solutions of a system of non-linear 
differential equations, Doklady Akad. Nauk S.S.S.R. (N.S.), 98 (1954), 901-904 (Russian). 

4. ———— On stability in the large of the solutions of a non-linear system of differential equations, 
Priklad. Math. i Mehanika, 18 (1954), 735-737 (Russian). 

5. ———— On stability with large initial disturbances, Priklad. Math. i Mehanika, 21 (1957), 


309-319 (Russian). 

6. J. P. LaSalle, Some extensions of Liapunov's second method, Air Force Report AFOSR 
TN 60-22, 1960. 

7. D. C. Lewis, Differential equations referred to a variable metric, Amer. J. Math., 73 (1951), 
48-58. 

8. L. Markus and H. Yamabe, Global stability criteria for differential systems, University of 
Minnesota report, mimeographed, 1960. 

9. Z. Opial, Sur la stabilité asymptotique des solutions d'un systéme d'équations différentielles, 
Ann. Polonici Math., 7 (1960), 259-267. 

10. A. Wintner, Asymptotic integration constants, Amer. J. Math., 68 (1946), 553-559, Appendix. 


The Johns Hopkins University 


——S i 





n 


2) 








ASYMPTOTIC SOLUTIONS OF EQUATIONS 
IN BANACH SPACE 


C. A. SWANSON anp M. SCHULZER 


1. Introduction. The equation Px = y in Banach spaces has aroused 
considerable interest, particularly in view of the various situations in applied 
analysis which it encompasses, and consequently it has been the topic of 
numerous investigations (2; 9; 10; 12). Detailed references may be found 
in (10). The equation is of special interest because of its interpretation as an 
integral equation; and in turn, many problems related to differential equations 
can be reformulated as integral equations (5; 7; 13). 

Various iterative procedures are available (10; 11; 12) by which the existence 
and uniqueness of a solution x of such an equation can be established, and by 
which numerical estimates for the solution can be calculated. In any of these 
procedures, a sequence of elements x, (m = 0,1, 2,...) in the Banach space 
is constructed recursively, and is proved to converge in the Banach norm to 
an element x satisfying Px = y. The recursive sequences used have been 
modelled after various familiar ones. In particular, an iterative process 
modelled after Newton’s method of solving real equations has been employed 
very successfully by Kantorovich (10) and others (2; 16). Another recursive 
sequence, the analogue of that defined by an infinite continued fraction, has 
been studied recently by McFarland (12). The most widely known iterative 
procedure is that based on the Liouville-Neumann sequence of successive 
approximations (5; 11; 13). 

The last of these, for example, can be used to prove that a contraction 
mapping T on a closed, bounded domain in the Banach space has a fixed 
point x in the domain (1; 11). Therefore, under the assumption that the 
equation under consideration is equivalent to 7x = x with T a contraction 
mapping, the existence and uniqueness of the solution follow frori the fixed 
point theorem; and such results will be appropriate to the study of asymptotic 
properties of the solution. 

In an investigation of the asymptotic behaviour of equations, one is interested 
in the variation of the elements y and the transformations P involved in the 
equations as a real variable \ (or more general variable) varies over an interval 
A. It is then pertinent to consider mappings (y) of A into the Banach space 
and mappings (P) of A into a suitable set of transformations on the space; 
and furthermore, in an asymptotic investigation, to study the behaviour of 
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these mappings as A approaches a limit point, in general not in A. No essential 
features are lost by the assumptions that A is a positive interval (0, A»] and 
that 0 is the limit point. 

We shall first develop the notion of an asymptotically convergent sequence 
of mappings (§ 2), and from this, the notions of asymptotic equality and 
asymptotic summation of series. The main questions to be considered are 
the following: (1) If the quantities y and P involved in the equation Px = y 
can be represented by asymptotically convergent series, can the solution be 
represented by such a series? (2) For a prescribed asymptotically convergent 
sequence of mappings (P,), m = 0,1,2,..., and for prescribed (y,), does 
there exist a mapping (x) of A into the Banach space so that >> (P,x) is 
asymptotically equal to > (y,)? These questions are answered in § 5, in which 
the appropriate existence, uniqueness, and representation theorems are given. 
The approach taken here is similar to that employed by van der Corput (14) 
in connection with asymptotic solution of certain numerical equations. 

We shall next mention a few examples, to which the subsequent theorems 
are applicable, obtained when the Banach space is specialized to one of the 
following: the space of real numbers; the finite dimensional Euclidean space 
V,; the space of continuous functions on a closed, bounded interval; and the 


Lebesgue space L? (p > 1) (13; 15). 


In the space of real numbers x with norm defined by ||x|| = |x|, the equation 
y(A) =ax+ >} a, (A, x) (a ¥ 0) 
n=1 


is to be considered, and the corresponding relation when asymptotic equality 
replaces equality. A specific example is the problem of finding a real number 
x with |x| < 1 so that for |y| < 1, 


yrwnxt =. (m + 1)! (—d)*x"*". 
n=1 
In this example, formal substitution will lead to an asymptotic expansion 


x~yt » Bn (d)y" 
for the solution (14). A different discussion of a similar problem has been 
given by de Bruijn (6, p. 25). 
As a second illustration, suppose the Banach space is specialized to the 
finite dimensional Euclidean space V,. Each element x in V, is a vector (¢,) 
(¢ = 1,2,...,m) with norm given by 


I|x|| = (x “t)) 


In this context, one considers a system of m non-linear algebraic equations 
y = Aw + Ex, where y is a prescribed element of V,, Ao is a square matrix 
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of order n, and E isa transformation on V, defined by Ex = (E,(0,¢2, ... , o)) 
(k = 1,2,...,m). Under the assumption det Ay # 0, the linear system 
y = Aoxo has a unique solution xo. Under suitable additional hypotheses, 


Theorem 3 below guarantees that the non-linear system under consideration 
possesses a unique solution x such that ||x — xo|| ~ 0 as \ ~ 0; and Theorem 
5 gives an iterative procedure by which an asymptotic expansion can be 
generated. 

We envisage that the most fruitful application will be to non-linear integral 
equations. The Banach space will be either the space C of all continuous 
functions over the closed, bounded interval under consideration, or the 
Lebesgue space L? (p > 1). The transformations Ao and E will be regarded 
as linear and non-linear integral operators respectively. Consider the integral 
equation 


el *1 
(1.1) x(s) = y(s) + | K(s, t)x(t)dt +f E,(s, t; x(t) )dt 


with K(s,?¢) continuous on the closed unit square, and y € C(0,1). This 
integral equation is of the form x = y + Kx + Ex, where K is the linear 
transformation from C into C and E is the non-linear transformation defined 
by (1.1). The first assumption to be made, of course, is that (J — K)~' exists, 
where J is the identity transformation, so that the linear integral equation 
approximating (1.1) for small \ will have a solution. The existence of this 
inverse transformation is implied by the condition ||K\| < 1 according to 
Banach’s well-known theorem (11; 13, p. 151). The analogue of the principal 
hypothesis (4.4) below is the hypothesis that E,(s, t; u) satisfies a Lipschitz 
condition in its third argument on a suitable interval, uniformly for (s, ¢) 
on the unit square. Theorem 3 guarantees the existence of a unique solution 
x = x(s, A) of (1.1) with the property that ||x — (J — K)—'y|| ~O0asrA —- 0; 
and Theorem 5 shows how an asymptotic expansion of the solution can be 
generated by a recursive process. Similar statements can be made when the 
space C is replaced by the Hilbert space L?(0, 1). 


2. Asymptotic convergence. A Banach space % will be considered, and 
the Banach norm of an element x € % will be denoted as usual by ||x||. The 
following notation will be used throughout: (i) A denotes a positive real 
variable on an interval Ao: 0 < A < Xo; (ii) @ denotes a function from Ago 
into positive numbers; (iii) (x) denotes a mapping A — x(A) of Ao into B; 
(iv) 7, k, m, n denote non-negative integers; (v) ao, a1,..., Ao, A1,... , denote 
fixed positive numbers, that is positive numbers independent of AX. 

Let ¢, (n = 0,1,2,...) be a single-valued function from Ao into positive 
real numbers. The sequence {¢,} is said to be an asymptotic sequence as \ — 0 
if @o(A) = 1 for all A € Ao, and das; = o(¢,) as \ +0 for each integer m (8). 

Let {\,} be a non-increasing sequence of positive numbers, and for each 
integer m let A, denote the interval 0 < A < A,. 
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Let {x,(A)} (m = 0,1, 2,...) be a sequence of elements in 8, with x,(A) 
uniquely defined for each A € Ao, and let (x,) designate the mapping A — x, (A) 
from Ao into 8. The sequence { (x,)} is said to converge asymptotically if there 
exists a single-valued mapping (x) of A» into 8%, an asymptotic sequence 
{dn}, and a sequence of positive numbers a, so that 


(2.1) IIx) — xa (A)]] < anda(d), NE Ay 


for each integer nm. In this event, (x) is referred to as an asymptotic limit of 
the sequence { (x,)}. In particular, the sequence is said to converge asymptotic- 
ally to zero when 


(2.2) Ian (A)|| < andn(A), L¢€ A. wer iy... 


Our terminology follows that used by van der Corput in the asymptotic theory 
of numerical functions (14). 

An asymptotically convergent sequence need not converge in the ordinary 
sense (in the Banach norm) for any value of A, as shown by the example 
X_,(A) = m!\" in the Banach space of real numbers. 

Two mappings (x), (y) defined on A» are said to be asymptotically equal 
if for each integer m there exists a positive number a, so that 


(2.3) I|x(A) — y(A)|| < anda (A) 


whenever A € A,. In this event, we write (x) «+ (y). The relation «+ is 
evidently reflexive, symmetric, and transitive, and hence it is an equivalence 
relation among mappings. Each real asymptotic sequence {¢,} induces such 
an equivalence relation, the sets of asymptotically equal mappings with 
respect to {¢,} forming the equivalence classes. 

If {(x,)} ts an asymptotically convergent sequence of mappings, then the set 
of all asymptotic limits of the sequence is characterized by an equivalence class 
of asymptotically equal mappings. For let (x) be any asymptotic limit. Then 
if (y) is an asymptotic limit, it follows from (2.1) that 


[e(A) — w(A)|] < |]eQa) — xnQd)]| + [lv Q) — xn (A)|| < anda (A) + ann(A) 


whenever A € A,. Hence (2.3) holds and (y) < (x). Conversely, it is easy to 
see that if (y) < (x), then (y) is an asymptotic limit of the sequence. 

Since (x) + (y) for any two asymptotic limits (x), (y) we shall say that 
the asymptotic limit of the sequence is asymptotically unique. 

A formal series >> (x,) is said to have an asymptotic sum (x) if (x) isan asymp- 
totic limit of the sequence { (x9 + x, +... + xX,-1)} (m = 1,2,...). This 
means that for each m there exists a positive number a, and an interval A, 
so that 


(2.4) 


fan) 
» 
a 

2 








20) - © 2,0)|| <a, d 


When the asymptotic sum exists it is not unique, but it follows from the 
foregoing remarks that it is asymptotically unique. When (x) is an asymptotic 


fc 
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sum for >° (x,), we say that the series is an asymptotic expansion for (x), and 
write (x) ~ > (x,). 

The following theorem may be regarded as the basic theorem concerning 
asymptotic convergence. It states that an asymptotic sum of }(x,) always 
exists when {(x,)} converges asymptotically to zero. Results like this for 
numerical functions have been obtained by various authors (3; 4; 8). The 
present proof is modelled after that of van der Corput (14). 


THEOREM 1. A necessary and sufficient condition for a series of mappings 
> (xa) to have an asymptotic sum is that the sequence { (x,)} converge asymptotic- 
ally to zero. 


Proof. lf (x) is an asymptotic sum for >> (x,), then (2.4) is valid for each 
integer m, and it is easily established from the Minkowski inequality and the 
order relation ¢,4: = 0(¢,) (A> 0) that (2.2) holds. Hence { (x,)} converges 
asymptotically to zero. 

Conversely, if the sequence converges asymptotically to zero, then (2.2) 
holds for each integer n. Since ¢,4; = 0(¢,) as 40, it follows that for 
each m there exist positive numbers a,, \, with {A,} non-increasing, so that 


||%n42(A)|| < engrGnga(A) < ferndn (A) 
for 0 < AX < Aqui, that is A € Anyi. Hence 
(2.5) [!xn49(A)|] < (9) Zenda (A) (j = 1,2,...) 
for all AX € Ansy. 
If \, tends to a positive limit \* as n — ©, it follows from (2.5) that 


E09} 


. j=d 


is a Cauchy sequence for each \ satisfying 0 < A < A*. Hence this sequence 
converges in the Banach norm to an element x(A) because of the completeness 
of %. It can then be verified that x(A) satisfies (2.4), and consequently (x): 
\— x(A) is an asymptotic sum. 

The situation of real interest, however, is that in which >°x,(A) does not 
have an ordinary sum for any positive value of \. Suppose then that A, — 0 
as #—o,. For each value of A, let H = H(A) be the largest integer such 
that Aw > A. Then if A € A,, it follows that H(A) > nm. We assert that (x) 
given by 

(x) = (xo +41 +... + xn) 


is an asymptotic sum for >> (x,). In fact, for all \ € A,, H(A) has been chosen 
so that A € Ag, which implies that A € Ay, (fj = 0,1,...,H—n). Then 
by (2.5) 


(2.6) 








n—1 | H 
x (A) — 2 £,(0)| | < p> ||x,(A)|| < Zain dn(A), 


j=n 


and hence (x) is an asymptotic sum. 
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3. Transformations on the Banach space. A transformation E defined 
on a closed domain D in § is a single-valued mapping from D into %. Trans- 
formations are not necessarily additive, nor are they necessarily even defined 
on the whole space %. For each A € Ao, let E(A) be a uniquely defined trans- 
formation on D, and let (£) be the mapping A — E(A). We shall say that (£) 
is in the class Lip (D, ¢) whenever there exists a fixed, positive number a 
and a bounded positive function @ on Ao so that 


(3.1) |E(A)x — E(a)y|| < ad(A)||x — y)| 


for all pairs of elements x, y in D, and for all A € Ao. When a@g(A) < 1, a 
transformation E(A) from ®D into itself satisfying (3.1) isa contraction mapping, 
and therefore has a fixed point in D (11). 

Sums and products of transformations are defined as in the linear case 
(13; 15). Thus, if E, F are transformations on D, then (E + F)x = Ex + Fx, 
x € D; and (EF)x = E(Fx), x € DOR, where R is the range of F. 

It is convenient to introduce the symbol ||E|| to denote the supremum of 
\|Ex — Ey||/||x — y|| over all x, y with x # y. Then (3.1) may be rewritten 
in the form 





(3.2) I|E(A)|| < a@(A), AE Ao. 


For each integer mn, let (A,) denote a mapping A — A, (A) of a positive 


interval A, into the set of transformations on D. The sequence { (A,)} is said 


to converge asymptotically to (A) on D whenever there exists an asymptotic 
sequence {¢,} so that (A) € Lip(D, 0) and (A — A,) € Lip(®, ¢,) for each 


integer nm. In this event, 
(3.3) |A (A) — An(A)|| < and, (A), NE Ay. 


(A) will be called an asymptotic limit of the sequence {(A,)}. 

A series >> (A,) is said to have an asymptotic sum (A) if (A) is an asymptotic 
limit of the sequence {(Ao + Ai; +... + A,_1)}. This means that there 
exists a positive number a, so that 


n—1 


40) -> A,(X)| 


j=0 





(3.4) < On dn(r), NE Ay. 


The following analogue of Theorem 1 is valid for transformations. 


THEOREM 2. A necessary and sufficient condition for the series °°_(A,) to 


have an asymptotic sum in the class Lip(D, $m) is that (A,) € Lip(®D, ¢,) for 
each integer n > m. 


The proof parallels that of Theorem 1. To establish the sufficiency, we 
choose the integer H(A) as in Theorem 1 and define (A) by 


A(A) = Am(A) + Amsi(A) +... + Aw). 


for 


we 
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Then the mapping (A): — A(A) will be an asymptotic sum; in fact, from 
(A,) € Lip(®D, ¢,) it follows that ||A,4:(A)|| < dan@,(A), and hence that 


n—1 


40) -> 4,0)|| < ainda (A), YE A, 


=m 


for each integer n > m + 1. In particular, (A) € Lip(D, ¢,,). 


4. Equations in Banach space. For a prescribed element y(A) in B 
it will be our purpose to obtain information concerning the solution x of the 
equation 
(4.1) P(A)x = y(A). 


The element y = y(A) is supposed to be uniquely defined for each \ in a 
positive interval Ao. The mapping (y):’— y(A) is supposed to possess an 
asymptotic expansion 


o 


(4.2) (y)~ D (on) (A 0) 


n=0 
in which yo is a fixed element of 8. According to (2.4), this means in parti- 
cular that ||y(A) — yol| ~0 as A 0. 

It will be assumed that the transformation P(A) in (4.1) is uniquely defined 
on some fixed domain D’ C B for each A € Ao, and that P(A) has the decom- 
position 
(4.3) P(A) = Ao + E(a), AE Ao 


valid on the entire domain of definition of P(A). In (4.3) Ao is a fixed linear 
transformation with bounded inverse A,~', and E(A) is a suitable contraction 
mapping, to be made precise presently. 

For a fixed positive number 7, let D denote the closed sphere {x € B: 
\|x — Agm'yol| < yn}. The following assumptions will be made. 


-~ 


(i) Ag~'yo © D’ and » is chosen small enough so that D is a subset of D’. 
(ii) The mapping (E): — E(A) has the property that 


(4.4) (E) € Lip(D, ¢1) (¢, = o(1) as XA—0O). 
(iii) For any element z € D 
(4.5) ||E(A)z|| = o(1) as }\—>0. 


The assumptions (4.3) and (4.4) together constitute a statement of the 
approximate linearity of P(A) in the neighbourhood of \ = 0; there exists a 
linear transformation A» and a positive interval A; so that ||P(A) — Ao|| < 
ay6;(A) whenever A € Ay, and ¢;(A) ~0 asA > 0. 

Now we shall establish an existence and uniqueness theorem appropriate 
to the study of asymptotic properties of the solution, by appealing to the 
theorem that every contraction mapping on D has a fixed point in D. 
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THEOREM 3. Under the assumptions (4.3), (4.4), (4.5) there exists a positive 
interval A so that the equation P(\)x = y(A) has a unique solution x(d) © D for 
each } © A. Furthermore ||x(\) — Ag~'y(A)|| 30 as A 0. 


Proof. On account of (4.3), equation (4.1) is equivalent to 
(4.6) x = v(A) + F(A)x, 


where v(A) = Ag*y(A) and F(A) = — Ag 'E(A). This equation has the form 
x = T(A)x. We shall demonstrate that there exists a positive interval A so 
that 7(A) maps D into D whenever A € A. In fact, if x € D, that is ||x—v9||<y 
where v1 = Ag ‘yo, then 


[| TA)x — vol] < |]o(A) — vol] + || FQ)z|]. 
However, 


\lo(A) — ol] < ||Ao-"l| lly) — vol] ~0 as A-—>0 by (4.2), 
and 
\|F(A)x|| < ||Ac|| ||EQ)x|| -~0 as A-O0 by (4.5). 


Therefore there exists a positive interval A so that || 7(A)x — vo|| < 7 whenever 
X € A, and hence 7(A)x € D whenever A € A. 
Clearly (F) € Lip(®D, ¢:) since (£) € Lip(®D, ¢:). Then 


|TA)x — TA)y|| = ||FA)x — FA)y|| < adi()||x — 9I| 


for all x, y © D and all \ in some positive interval. Since ¢; = o(1) as\ — 0, 
there exists a positive interval A’ so that ||7(A)x — T(A)y\| < 4\|x — y!| 
whenever \ € A’; x,y € D. We may assume that A’ = A. Then 7(A) is a 
contraction mapping on D, a closed sphere in the complete space Q, for all 
\ € A. Hence 7(A) has a fixed point x = x(A) € D (11), that is x(A) satisfies 
(4.6) and hence (4.1). 

Finally, 


I|x(A) — Ac*y()|| = [lxQ) — 2A)|] = |] FxQ)|| +0 


as \ > 0 by (4.5). 

For the validity of this theorem, the assumption (4.4) is needed to ensure 
that the mapping T be a contraction mapping. It is well known that a stronger 
condition than continuity of the transformation E is required to imply unique- 
ness of the solution: such a condition is the Lipschitz condition (4.4). Counter- 
examples can be easily supplied when (4.1) is interpreted as an integral equation 
(for example, of the type arising from an initial value problem for a differential 
equation (5, chapter 1)). 

Assumption (4.5) is needed so that T maps D into itself. A simple counter- 
example in the Banach space of real numbers to show that Theorem 3 is false 
without such an assumption is provided by the real equation x = 2 + (Ax? —3) 
with Ex = Ax? — 3, which does not have a solution in the space. 





a 
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5. Asymptotic solution of equations. Consider now a mapping (A,): 
\ — A,(A) in the class Lip(D, ¢,) for each integer » = 0, 1,2,..., where 
D is the closed sphere defined in the previous section. It will be assumed that 
Ao is a fixed linear transformation on 8 with a bounded inverse. We seek a 
mapping (x): ’— x(A) € D for which a prescribed (y) is an asymptotic sum 
for the series }>(A,x). Such an x will be called an asymptotic solution of the 
relation >> (A,x) ~ (y). Next, a theorem will be derived concerning asymptotic 
solutions, under the following assumptions: (i) (A,) € Lip(D, ¢,) (” = 1, 2, 
...); (ii) For any element z € D 


(5.1) |An sl] <anda(A) (AE Ap, Gy > 0). 


THEOREM 4. Under these assumptions, there exists an asymptotically unique 
solution (x): \—>x(A) € D of the relation 


> (Ags) ~ (9). 


Proof. Since (A,) € Lip(®D, ¢,) for each integer n, it follows from Theorem 
2 that there exists an asymptotic sum (P) of 


@ 


D (An) 


n=0 


Tr 


defined on D; and in fact (P) is given by 


H(A) 
P(r) = 2 And), 

where H(A) is a suitable integer depending on \. It follows in particular that 
the mapping (Z) = (P — Ap) is in the class Lip(®D, ¢:), which is Assumption 
(4.4) of Theorem 3. Since the sequence {(A,x)} converges asymptotically to 
zero for any x € D by (5.1) it follows from Theorem 1 that (Px) is an asymp- 
totic sum for }>(A,x), x € D. In particular, ||E(A)x|| = ||[P() — Aolx|| < 
ayo1(A) (A € Ay), which is the content of Assumption (4.5) of Theorem 3. 
Therefore the assumptions of the present theorem imply those of Theorem 3, 
and there exists an element x(A) € D satisfying P(A)x(A) = y(A) (A € A). 
Then for \ € A,, we obtain from (5.1) 


n—1 H 
(5.2) | ya) _ bm A,0)x00| | < : ||A ,(A)x(A)]| 
j=0 j=n 
S 2an bn (A) 
by the same reasoning which led to (2.5) and (2.6), and hence (y) is an 
asymptotic sum for >> (A,x). 


To show that (x) is asymptotically unique, let (w) be any other asymptotic 
solution. Then for each integer n, 
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n—1 n—1 | 
||Ao(x — u)|| — | yi (Aw — Ayu) | < | Da Aw — Ayu | 
j= y= 
n—1 n—1 
< ||» - > Ag|| +lly- Dd Ap], 
j=0 j=0 
and according to (5.2) there is a positive number 8, (m = 1,2,...) so that 
| 2 
(5.3) \|Ao(x — u)|| — p> (Ap - Aw)|| < Badal), M€ de 
i 


By hypothesis, there exists a positive number a so that ||Ao~'|| < a, and 
hence 
(5.4) \lx — ul] < ||Aom*|| || Ao(x — u)|| < al|Ao(x — u)||. 


Since (A,) € Lip(®D, ¢,) and {¢,} is an asymptotic sequence it follows that 
there exists a sequence of positive intervals A,’ so that 











n—1 n—1 
> Aw —Ayu | < DE ays,(d)||x — ul] < 2ard(d)||x — u 
j=l j= 


whenever \ € A,’. Since ¢:(A) ~0 as 4-0, there is a positive interval A 
so that 2a:¢;(A) < $a~' whenever \ € A. We may assume that A,’ C A, and 
hence 


> Ae - A p| | < 4a" |\x — ull, rE A,’. 


' 
j=l 





(5.5) | 


Then (5.3), (5.4), and (5.5) together establish that 
Sa"||x — ul| < Bada (A) 

whenever \ is in the smaller of the positive intervals A,’, A,. Hence (x) is 

asymptotically unique. 

In our final theorem, we shall derive an asymptotic expansion for the 
asymptotically unique solution (x) of }>(A,x«) ~ (y) given in Theorem 4. 
Suppose that (y) has the asymptotic expansion (4.2). Suppose also that (P) 
is an asymptotic sum for the series }>(A,), as in Theorem 4. Then the map- 
pings (v) and (F) defined in (4.6) will be asymptotic sums for corresponding 
series > (v,), >> (F,), that is 


(v) ~ d (%) where tn = Ao Vn 
(F)~>X (F,) where F, =—Ao"A,. 

For the solution (x): \’ — x(A), it follows from Theorem 4 that x(A) satisfies 
equation (4.1), and hence satisfies (4.6). An asymptotic expansion for (x) 
will be obtained in a natural way from a sequence of successive approximations 
to the solution of (4.6), defined in terms of the quantities v,, F,. 

The additional hypothesis will be made that the sequence {¢,} has the 
multiplicative property 


(5.6) 
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(5.7) >» $)(A) n—j(A) < Ynda(A) (A € Ao;m = 1,2,...) 
= 
where 7, is a fixed positive number for each intezer n. 


THEOREM 5. Under the hypotheses of Theorem 4, the asymptotically unique 
solution (x) of the relation >) (A,x) ~ (y) is an asymptotic limit of the sequence 
{(xn)} defined by 


(5.8) Xo = Vo; Xn = > v,+ bs F a—3 ee 22, ..4)k 
j=l 


j=0 


An equivalent conclusion is that (x) has the asymptotic expansion 
> (Xn — Xn-1) (with x_,; = 0). 


Proof. It is enough to show that there exists a sequence of positive numbers 
8, and a sequence of intervals A, so that 


(5.9) ||x(A) — xn-1(A)]] < Bada (A) (XE An; tog = Uae * 


This will be proved by mathematical induction on n. First, it is easily 
seen from (5.2) and (5.6) that the proposition is true for m = 1. Under the 
hypothesis that it is true for all integers 7 < m — 1, we shall show that it is 
true for n. Since x = v + Fx, it follows that 














(5.10) ||x — xl] < | Jo — >> oy} | + | Fs -> Fp | 
j=0 j=l ' 


n 


|| 
+ || ee-rx||, 


On account of the hypotheses (5.6) there exists a positive number a,,; so 
that each of the first two terms on the right side of (5.10) is bounded above 
by Ga416241(A) for all A in a positive interval A,4:. The inductive proof of 
(5.9) will then be finished if it can be shown that the third term also is of 
order ¢,41;. To see this, observe that 











> Fy F pty-; 
= 
< We'll 20 Asli ile — was 


< a +m 05O5(A) Bn— 54-1 n—541(A), 
j=l 


where use has been made of the inductive hypothesis (5.9) and the hypothesis 
(A,) € Lip(®D, ¢,) at the last step. Let 


5, = Max ajBn—541 (l<j<n). 
I 
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Then, since {¢,} has the multiplicative property (5.7), 





> Fx —_ Ffe-s) | < Ob nYn+1On+1(A). 


j=l 


Hence (5.9) is valid for each integer m, and the theorem is proved. 


1. 
2. 


3. 


4. 


Un 
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NORMAL OPERATORS ON THE 
BANACH SPACE L(—~,-). PART I 


GREGERS L. KRABBE 


1. Introduction. Let SR? be the Boolean algebra of all finite unions 
of subcells of the plane. Denote by @, the algebra of all linear bounded 
transformations of L?(— ©, ) into itself. Suppose for a moment that p = 2, 
and let &, be an involutive abelian subalgebra of ¢,: if & is also a Banach 
space and if 7, € &,, then: 

(i) The family of all homomorphic mappings of BR* into the algebra F, 
contains a member E," such that 


(1) T, = J \- Ex (dy). 


Suppose, henceforth, that 1 < p < @. The main result of this article (Theorem 
6.14) shows that property (i) remains valid for a suitable algebra %,. 

Let D be the class of all bounded functions whose real and imaginary 
parts are piecewise monotone. In § 2 will be defined an isomorphism f — [Af], 
whose domain includes D and whose range (), is a normed involutive abelian 
subalgebra of ¢. Theorem 6.14 will show that a member 7, of (t), has the 
property (i) whenever 7, = [Af], for some f in D. The relation (1) involves 
a Riemann-Stieltjes integral defined in the strong operator-topology of ©, 
(see 6.11). The set-function E,7 need not be countably additive: we do not 
restrict ourselves to “spectral resolutions’ in the sense of Dunford (1). The 
values of E,” are self-adjoint (4, p. 22), idempotent members of (f),. 

It is easily seen that the Hilbert transformation and the Dirichlet operators 
all have the property (i). For less trivial examples, let ._#' be the set of all 
bounded Radon measures; if A€ .#', then the convolution operator As, is 
defined as the mapping x — Asx of L?(— ©, ~) into itself. In the special 
case A € L!(—o, o), the operator As, is defined for all x in L?(— ©, ©) by 
the relation 


Ax (0) -{ A(6 — B)x(8)dB. 


In case the Fourier transform of A belongs to D, then the operator 7, = As, 
satisfies property (i). Consequently, all the classical convolution operators 
(Picard, Poisson, Weierstrass, Stieltjes, Fejér, etc.) have property (i). Explicit 
determination of E,” is readily inferred from § 6; in the case = 2 our results 
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coincide with the ones given by Dunford (2, p. 63) for operators T of this 
type. The completion of the algebra {As,: A € .#'} is an (A*)-subalgebra 
of (t), (see 3.2). 

Let V, be the operator defined by the relation 


V,;* = - (derivative of x) 


for all x in a suitable subset of L?(— ©, ~); this unbounded operator also 
has the property (i). Although details regarding such operators will be reserved 
for a subsequent article (see 7.0), it may be pertinent to remark here that 
a relation of the type 


T, = fo s@ey (d8) 


holds for any 7, in (¢#), such that 7, = [Af], for some function f of locally 
bounded variation. For example, take a in (—©, ©), and let R, be the 
translator defined by R,x(@) = x(@ — a) for all x in L?(— ©, ~); then 


R, = f e* "RY (dé). 


co 


2. The basic function-algebra. Let §, denote the set of all complex- 
valued measurable functions defined on (— ~, ~). Note that §, is an algebra 
with multiplication f-g = {@-—> f(@)g(@)}. The customary identification of 
equivalent functions is implied henceforth. 

Let L* be the intersection of the family {L?(—@ , ©):1 < p <@}. The 
Fourier transform Wz of a function z in L* is defined as the function f such 
that ||f — fall: 0, where n+ and 


fn(6) -f e™* 2(B)dB (— 27 <0< @), 
We denote by (¢*) the set of all linear mappings of L* into itself. If T € (¢*), 
then 
|T|, = su p{||Tx||,:x% € L+ and ||x||, < 1}. 


Let & denote the set of all T in (¢*) such that |7|, # @ whenever 1 < p <@. 
If G € %4, then ¢(g) is defined as the set of all J in & such that 


(2) W(Tx) = g-Vx for all x in Lt. 


2.1. Definition. Let § denote the algebra of all bounded members of §:. 


Our basic operator-algebra is the set 
(t) = U {t(g): g € &. 


If 7 € (é), then v7 will denote the unique g in § such that 7 € #(g). The 
set jv7: T € ()} is denoted by §y. 
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2.2. Remarks. The definition of v7 is justified by the fact that g = O 
whenever g- ¥x = O for all x in L+. Note that §y is the set of all g in § such 
that @ ¥ t(g). It is easily checked that (¢) is an abelian subalgebra of & 
and that {7 — v7} maps (¢) isomorphically onto $y; in particular 


(3) v(T®TM) = (vT)-(vVT™) when T € (2), 


2.3. Notation. If x€ L?(—@, @), let x = {@—x(— 6)}, while 
= = {0 x(6)} and ~x = {0+ x(— 6)}. 


2.4. Remarks. If T € & we define ~T as the operator {x € Lt ~ ~T ~x}; 
observe that |7|, = |~7|, (this follows from ||x||, = ||~x]|,). If T € t(g) 
then it is easily checked that ~T € t(g). Therefore, the mapping {7— ~7} 
of (¢) into itself is an involution (10, p. 108). 

2.5. The following terminology is found in Hille (4, p. 22): a member T 
of & is “‘self-adjoint” if T = ~T. It is clear that T will be self-adjoint if 
and only if the function v7 is real-valued. 


3. The basic operator-algebra. From now on, ? is a fixed number 
(1 < p <@). Let & denote the Banach space of all bounded linear trans- 
formations of L?(— ©, @) into itself. Since L+ is dense in L?(— ©, ~), each 
T in & has a unique, continuous extension 7, in 4. Consequently, the 
algebra (t) is isomorphic to (#), = {7,: T € (é)} under the mapping {7 — 7,}. 
Note that |7,|, = |7|,. From 2.4 it follows that (#), is a normed involutive 
subalgebra (10, p. 110) of 4. in the sense that |7,|, = |~7,]|,. Note further 
that (¢), contains the identity operator I, = {x € L?(— ©, ~) — x}, and the 
completion (¢),* of (¢), is a (*)-algebra in the sense of (4, p. 22). The title 
of this article was suggested by the fact that all members of (¢), are ‘“‘normal’”’ 


(4, p. 22). 


3.1. Application. Let ._#@' be the algebra of all bounded Radon measures 
on (—,o). If A € _#', then Ax is defined as the mapping {x— Asx} of 
L* into itself (where A*x = convolution of A and x; see (9)). In 3.2 it will 
be shown that the completion of 4 = {As,: A € _#'} is an (A*)-subalgebra 
of (t),* (see (4, Definition 1.15.3)). It is known that As € & If W(dA) is 
the function g defined by 


g(6) = fea (6) (— 2 <#< @), 


then W(Asx) = W(dA)-Wx (this can be seen from (9, p. 133, (II)), where 
WV (dA): isdenoted (YA)). But ¥(dA) € §, whence Ax € (#)andvAs = W(dA),. 
Consequently: 


3.2. If T, = As, and A€ .4', then T, € (t)p) and wT = V(dA). Thus 
4, C (t)». To show that the completion of .% is an (A*)-algebra, suppose 
that 7, = As, is self-adjoint; from 2.5, 3.2, and (9, (i)) it follows that the 
spectrum of 7, is real. 
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3.3. Definitions. If f € Sy, we denote by [Af] the inverse image of f under 
the mapping {7— v7}; in other words, [Af] is the member 7 of (¢) such 
that f = v7. If p’ = p/(p — 1) and L? = L?(—@, ~), then 


(x, y) -f xy and (x|y) = (x, 9) 


whenever (x, y) € L? X L”’. Suppose 1 < u < 2 and set w = u/(u — 1). If 
2 € L*, then Y,(z) is defined as the function y such that ||y — y,||.— 0, 
where nm > and 


Vn (0) -f e **2(8) dB (— © <9< -=), 


3.4. Remark. Let L® denote the set of all step functions on (— ©, ~) 
having compact support. Suppose x € L’; it is easily seen that Wx € L* and 
Y,(¥x) = x whenever 1 < u < 2. 


3.5. LemMA. Suppose 1 < u < 2. If g € By, then 
[ag]x = Y,(g-Wx) = Yo(g-¥x) when x € L’. 


Proof. From x € L® it follows that Wx € L*+ (see 3.4): therefore g- Vx € L" 
(\L*. Thus Y,(g-Wx) = Yo(g-¥x) = Ye2¥([galx); the last equality being 
obtained by setting T = [Ag] in (2). The conclusion now follows from 3.4. 


3.6. Lemma. Jf T, € (t), and q = p/(p — 1), then 
(T,x°, 9°) = (x, Tey) when (x,y) € L? X L*. 


Proof. Set B(x, y) = (T,x’, y’) and B’ (x, y) = (x, T,y). Both B and B’ are 
continuous bilinear functionals on L? X L*. Since the space L° is dense in 
both L? and L* (see 3.4), it will therefore suffice to show that B and B’ coincide 
on L® X L®. To that effect, we will need the Parseval formula in the following 
two equivalent forms: 


(4) (x3, Xo") = (Wx1, Vxe) ((x1, x2) € L? X L?), 


(4’) (Wy, ¥2) = (yr, Yoye) ((y1, ¥2) € L? X L?) 


(see (11, Theorem 49 or 75); recall that L? = L?(—o@, ~)). Set g = v7, 
and suppose that (x, y) © L® X L®. From (4) and (2), therefore, we have: 


(Tx, y') = (g- Vx, Vy) = (Wx, g¥-y°). 
We now apply (4’) with y; = x: and yo = g- Vy: 
(Tx:, y') = (x, Yo(g-Vy)) = (x, Ty); 


the last equality comes from 3.5 and T = [Ag]. 
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3.7. Remark. The positive sesquilinear Hermitean form { (x, y) — (x|y)} on 
L* X L* (see 3.3) makes L* into an inner-product space. From 3.6 it can 
easily be derived that ~T is the Hilbert adjoint of T: 


(Tx|y) = (x|~Ty) when x € L+ and yé€ Lt 
We will make no use of these properties. 


3.8. Definition. Suppose — © <a <o. If @ € §, then r2¢@ will denote the 
function g defined for all 6 in (— ©, ©) by the relation g(@) = $(@ — a). 


3.9. THEOREM. Suppose —© <a <o. If @ € By then tab © Fy. 


Proof. Let ¥, be the function {@ — e**}, Set T™ = [ag], and let T be 
the operator defined by the relation 


Tx = Va: T (WV, +x) (all x in Lt). 


Note that |7|, = |7|,, and therefore 7 € & Since g = tad € F, it will 
suffice to show that (2) holds; but this follows easily from a repeated appli- 
cation of the relation 7.(V¥¢) = V(W¥.-¢). 


4. Two lattices of projectors. The Hilbert transformation H is defined 
for all x in L* by the relation 


(Hx) (6) -f aE TH (Pd (— © <9@< @), 


the integral being taken in the Cauchy principal value sense. It is well known 
that H € & The fact that H € t(—i-sgn) is explicitly stated in (12, p. 22 
and (3, p. 8); it can be extracted from (11, pp. 120-125). Thus H € (¢) and 
H = — i-sgn € §y. Since Fy is a linear space containing the function 
I° = {@— 1}, it follows that go = 2-'(J° + sgn) © §y. 

Suppose that a and 8 belong to the closed interval [— ~, ~]. Let J4°(a, 8) 
denote the characteristic function of the open interval (a, 8), and set 
da = [4x%(a,~). Recall that go = 2-'(J° + sgn) € By, and note that 
go = 14°(0, ~). From 3.9 it can therefore be inferred that rago = a © By. 

4.1. Remark. We now know that §y contains the function J4°(a,“) when- 
ever a€[—@,]. Again using the fact that §y is an algebra containing 7°, 
we deduce that §y contains any function of the form J #°(a, 8), where 


—-x <a gpg. 


4.2. Notation. Let V denote the set of all complex-valued functions defined 
on (— ©, ) such that |f|, # ~, where |f|, denotes the total variation of f 
on (— ©, ~), We will write 


lfllo = sup{|f(@)|: -7 <A<o}, 
and 


IIfllo = Ilfllao + I fle. 
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4.3. Lemma. If L'(\ V denotes the set of all g in L'(—@, ~) such that 
g © V, then L'(\ V C Sy. Moreover, there exists a number c, > 0 with the 
property that, of g € L')\ V, then 
(5) [[Ag}lp < 2-*cp|g|.. 


Proof. An operator Tg corresponds to g so that ||(7g)x||, < 2-'cp|g|.||x||, 
for all x in L® (see (8, 3.3 and 3.7), where g = a). Since L® is dense in L*, it 
follows that Tg has an extension 7, with 7, € (¢*) and |7,|, < 2-'c,|g|,, 
whence 7, € & Since g € §, it remains to show that 7, € ¢(g). From (8, 
7.2 (14)) it follows that 


WV (B(x, g)) = g- Vx (when x € L°). 


From the definition (8, §5) of B,(x, g) it results immediately that B,(x, g) = 
(Tg)x when x € L°; consequently B2(x, g) = T,x whenx € Lt. Thus 7, € t(g), 
which concludes the proof. 


4.4. Remark. Let “‘<”’ be the relation defined on & by: 
TO < T® rod TO = THT®), 


A family # will be called an ‘“‘é&tower” if (# <) forms a lattice of self- 
adjoint (see 2.5), idempotent members of & satisfying the following two 
conditions: 
(ii) The order-type of (F<) is the order-type of some closed subinterval 
of [—@, @]; 
(iii) Ff P€ AthnOc PandO<P<iIcF 


4.5. Both families {[Alg*%(a,~)]:a€ [—©,]} and {[aly°(— n, n)]: 
0 <n <@} are &towers; in Part II it will be shown that they are the 
spectral resolutions pertaining to two unbounded operators. 

Set y, = I4°(— n,n). We here examine more closely the tower 
{[Ay,]:0 < n < @}. Suppose 0 < m <=, and let x, be the function defined 
by 


xn(0) = (sin 2xn0)/70 (—7 <@9@<o), 
The Dirichlet operator J™ is defined for all x in L+ by the relation 


« 


(J™x) (0) = a Xn(@ — 8)x(B) dB. 
It is well known that J™ € & (see (6)), and from (11, Theorem 65) we see 
that ¥(J™x) = V(x,*x) = (Vx,)- (Vx). But Vx, = y,; therefore J = [ay,]. 
4.6. Lemma. If f € V and y, = I4°(— n,n), then 
I[Afllp < 2-*cp sup{|Yn-f]:0 <n <@}. 
Proof. Clearly hy, = wa-f € L'(\ V; from 4.3 therefore 
(6) [[Ahn]lp < 2-'cy sup{|¥n-fl20 <n <o} = k,’. 











l 
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Suppose x € Lt, and note that 
(7) lim||[Af]x — J™ ([af]x)||, = (n + @) 


(see, for example, (6 (1b”)) or (8, 5.2)). In 4.5 we saw that J™ = [ay,]; 
therefore J” © [af] = [A(y,-f)] = [Ah,] (from (3)). Accordingly, (6) now 
states that ||J™([af]x)||, < 2,’||x||,, which (from (7)) gives the conclusion 
I|[Aflxll> < p'||-||>. 

4.7. THeorem. If f € V, then f © By and 
(8) I[Afllp < cpl flo. 

Proof. Suppose 0 << throughout, and set a, = (— n,m), while 
a, = (—«, — n| and a,+ = [m, ~). Note first that A, = Zsa, vanishes 
outside of a,, so that |h,|, < 2||f||.. + [f|,. In the notation of 4.6, we can 


write h, = ¥,°f; consequently, the relation (8) follows from 4.6. It remains 
to show that f € fy. Define f™ = h, + g™, where 


g™ = f(— Ip) + f(n)I4°(an*). 


Since g™ is a linear combination of members of §y (see 4.1), it follows that 
g™ € By. Since 4, € L' (\ V and 4.3, this in turn necessitates that f™ ¢ 
Set T™. = [af™] and apply (8): 


(9) [TO — TM, < Gf — flo (m > 0). 


Let v(g; a) denote the total variation of g on a; observe that o(f — f™;a) = 
v(f;a) when a = a,~ or a = a,*+. Moreover, f — f™ vanishes on a,, and there- 
fore 


dv: 


Lf — Flo < Lf — fle = vfs an-) + off; a,*). 
Since f € V, this inequality implies that 
(10) 0 = lim||f — f™||o = lim||f — f™||., (no), 


From (9) and (10) it can be inferred that the sequence {7,}, is a Cauchy 
sequence in 4, and it accordingly converges (when » ©) to a member 
T, of &. Therefore, p € (1, ~) and x € Lt implies that 0 = lim||7,x —7 ||, 
(n—o); but this in turn implies that {7x}, converges in measure to 
T,x. Since measure-limits are uniquely defined, the outcome can be stated 
as follows: p € (1, ~) and x € Lt implies that 7.x = 7,x€ L’. From this 
we infer that ZT, € & (see § 2). 

The proof is now concluded by showing that 7; € t(f). Suppose x € Lt, 
set @ = V(72x) — f- Vx and note that 


[lolle < [72 — T™|2||x|l2 + [Lf — fll lle. 


From (10) it follows that ¢ = O = W(T.2x) — f-Wx. This shows that 
T2 € t(f), whence f € $y. 


4.8. Coro.Ltary. V C §y. 
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5. Two convergence theorems. Let F be a function defined on a set S. 
If (S, >>) is a directed set, then the net (/, >) is also denoted { F(s):s € S, >} 
(our terminology and notation come from (5, p. 65)). If F maps into a set 
%, then (F, >) is called a net in ¥. lf (F, >) is a net in a Hausdorff space &%, 
then we write 


x = Xlim{F(s):s € S,>} 


to indicate that (F, >) converges to a point x in ¥ (see (5, p. 68)): Let GZ 
denote the strong operator-topology of the algebra 4 which was defined 
in § 3. For example, suppose that F(s) € & (for all s in S) and T € &; then 
F(s) and T admit continuous extensions F(s), and 7,, respectively (see § 3; 
F(s), € & and T, € &). Accordingly, the statement 


(11) T, = J lim{ F(s)p: s € S, >} 


means that the net { F(s),: s © S, >} converges to 7, in the strong operator- 
topology of 4, (see (4, p. 53)). 


5.1. Definition. Let (F, >) be a net in & If T € & then 
T = J lim{ F(s):s € S, >} 
is written to mean that relation (11) occurs whenever 1 < p <@, 
5.2. Remark. If {f(s):s € S, >} is a net in [0, @), then 
© # lim sup{f(s):s € S, >} 


if and only if there exists a number N» > 0 and an element s» of S such that 
f(s) < No whenever s € S and s > So. 


5.3. THEOREM. Suppose g © Jy, and let {G(s):s € S, >} be a net in V. Set 
X, = L?(— ©, ~) and suppose further that the relation 


(12) [Ag]x = X2 lim{[AG(s)]x: s € S, >} 
holds for all x in L®. If 
(13) © lim sup{||G(s)||o: s € S, >}, 
then 

[ag] = -7 lim{[AG(s)]: 5s € S, >}. 


Proof. Suppose 1 < p<. We must prove (11) for T = [Ag] and 
F(s) = [AG(s)]; that is, we must show that 


(14) T,x = &, lim{ F(s),x: s € S, >} 


for all x in ¥,. From (13),5.2, and 4.7 follows the existence of a number N, 
and an element 5s» of S such that, if s € Sand s > so, then 


(iv) |F(s)ele < Not, 
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whenever 1 < g <~@. It will be convenient to describe (iv) by saying that 
the net {F(s),:s € S, >} is e.u.b. (eventually uniformly bounded) in &. 
Consequently, the net { F(s),:s € S, >>} is e.u.b. in &. It is easily verified 
that the Banach-Steinhaus theorem (4, p. 41) applies not only to uniformly 
bounded sequences in 4, but also to e.u.b. nets in 4. Let us suppose for a 
moment that (14) holds for all x in L°; since L® is dense in %,, the Banach- 
Steinhaus theorem implies that (14) holds for all x in ¥,, and the theorem 
is proved. 
Suppose x € L°, and set y(s) = Tx — F(s)x; in view of our preceding 
remark, it will suffice to show that 
(v) 0 = lim{||y(s)||p: 5 € S, >}. 
If p = 2, there is nothing to prove, since (v) is then our hypothesis (12). If 
p # 2 there clearly exists a number g with 1 < g < © such that lies between 
2 and q; there exists therefore a number m such that 
ae 
p 2 


From the logarithmic convexity of the norm we see that 


m +7 (1m) and O<m<l. 


ly(s)|lo < (\lx(s)||2)" - (|| 7x — F(s)x||,)'-™. 
Accordingly, we can infer from (iv) that, if s > so, then 
Iy(s)|le < (Uly(s)|l2)" * (Te + Noeg] « ||x||-)*™. 
Consequently, (v) results from the hypothesis (12). 


5.4. COROLLARY. Suppose g € By and let {G(s):s € S, >>} be a met in V 
satisfying (13). If 


(15) 0 = lim{||g — G(s)||..: 5 € S, >}, 
then 
(16) [ag] = 7 lim {[aG(s)]:s € S, >}. 


Proof. In view of 5.3, it will suffice to establish (12). Take x in L®; from 
3.5 it follows that 
||[Ag]x — [AG(s)]x||2 = || Ye([g — G(s)] - ¥x)||>. 
But [g — G(s)] - ¥x is in L* (see 3.4). Since Y2 is an isometric mapping, we 
see that 
(17) [|[Ag]x — [AG(s)]x||2 < ||g — G(s)||.. - || ¥xl|2. 


The conclusion (12) now results from (15), (17), and © # || Wx]/o. 


6. The main result. From now on, R = (— ©, @) and R = [— &, ~] = 
RU {-2, @ }; if a and 86 lie in R, then (a, 8B] = {@ € R:a < @ < B}. The 


space R? = R x R consists of all points \ = (Ax, A2) such that A, € R and 
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Ae € R. The usual embedding {a — (a,0)} of R into R* will be assumed. 
Accordingly, R C R?; if a and 8 belong to R?, then (a, 8] is the Cartesian 
product (a, 8:) X (a2, 62], with the exception (a, 8] = (a1, 6:1] K {0} = (a1, 8] 
in the case a = a, and 8 = @,. 


6.1. Definitions. If Q C R?, then BQ will denote the family of all finite 
unions of members of AQ = { (a, 8]: (a, 8) © O X Qh. 


6.2. The Boolean algebra C€, will consist of all symmetric differences 
B+ N = (BUN) — (BON), where B € SR and N is a subset of R 
having zero measure. 


6.3. The following notations will be used consistently. If g € §, then 
gi: = (real part of g) and gs = (imaginary part of g). If o € BR’, then 
(g € o) = {@ € R: g(@) € o}, except that (g € o) = (gi € o) whenever g = g;. 

6.4. The set §, will consist of all functions g in § such that (g € «) € Gy, 
whenever o € AR?. 

6.5. If T € (t) and g = vT € §q, then the set-function E” is defined for 
all c in SR? by the relation 

E*(c) = [al#°(g € @)). 
Recall that ¥ = J4°(g € ¢) is a function such that ¥(@) = 1 whenever 
6 € (g € a), while ¥(0) = 0 otherwise. Note that ¥ € V; in this connection, 
it should also be mentioned that UR, BR, and Cy, are Boolean set-algebras. 


Since the verification of these facts is routine, it will be omitted. Both @ and 
R? belong to BR?; it is clear that 


E™(@) =O and E?(R? — «) = 1 — E*(e) 

whenever o € BR. In fact, E” is an isomorphism into (f) of the Boolean 
set-algebra BR?; if o’ and o” are in BR?, then 

ET (e’ Uo") = E™(e’) V E™(c”) 
and 

ET(e’ (\ 0") = E™(e’) A E™(e”) 
(the operations ““V”’ and ‘“‘A”’ are defined in (1, p. 219)). 

6.6. Orientation. The following is aimed at defining two-dimensional 


Stieltjes integrals of commonplace type. In order to implement a later proof 
(6.14), an order-preserving notation for range partitions will first be described. 


6.7. Let 3 be the family of all strictly monotone-increasing functions Z 
whose domain D(Z) isa finite set of consecutive integers, and whose range 
{Z,:v € D(Z)} isa subset of R. If Z € 3, we denote by Z* the set {vy € D(Z): 





a oe 
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or 


v> min D(Z)} and wiiie Z(v] = (Z,_;,Z,] whenever » € Z*. In case 
Q. C R, then 3Q, will denote the family of all Z in 3 such that 


0.C U {Z(v]:» € Z*}. 


6.8. Definition. Suppose g € §, and denote by [g] the closed cell [— A, A], 
where A, = |(g,||.. for « = 1, 2 (see 4.2). The family S[g] consists of all ordered 
pairs (Z, 3) whose first member Z = (Z,, Z:) lies in 3[g:] X 3lg2], and such 
that 3 is a function on Z* = Z,* XK Z.* whose values 3(v) lie in Z’ = Z,(v] X 
Z2(v2] whenever v = (v, v2) € Z*. 


6.9. Definition. Suppose T € (t) and vT € §q. If s = (Z,4) € SivT), then 
we write 


(E7:s) = >> 3(%)E"(2’) (w = Z*). 


yew 


6.10. THEOREM. Suppose T € (t) and wT € fq. If there exists a number 
ko > 0 such that \v(E*:s)|, < Rol|lw(E*: s)||.. whenever s € S[vT], then the 


following Stieltjes integral exists: 


(18) fa-E™@\) = F lim {(E*:s): s € S[vT], >}. 
Moreover, 
(1) T = fr-E7(dd). 


6.11. Remarks. The set S[v7] is directed by the partial ordering “>>” (see 
(5, p. 79) and 6.12). The meaning of the relation (1) will now be explicitly 
formulated. If 1 < p <, then the net 


\||Zx — XS sOE™ZVee||p: (Za) € SWI, >| 


vew 


converges to zero for all x in L?(R) (compare (18) with 5.1). Consequently, 
(1) implies that the net 

— — 
, D a(v)E"(Z"),: (Z,3) € Slv7), >; 


vew 


converges to 7, in the weak operator-topology (this again comes from (18) 
and 5.1); 7, is therefore a “‘scaled’’ member of 4, (see (7, p. 450)). 


6.12. Proof of 6.10. If Q C R®, let |Q| denote the diameter of Q. Set g = vT 
and S = S[g]. Suppose s = (Z,3) € S. We define ||s|| = max{|Z’*|:» € Z*}. 
The partial ordering is defined by: s’ > s = ||s’|| < ||s|| whenever s’ € S. 
Set G(s) = v(E7:s); from 6.9 and 6.5 we note that 


(19) Gs) = Ds) E 2’) w= Z*). 
Clearly G(s) € V (see 6.5). It is easily seen that 


(20) lle — G(s)|l. < |Isll. 
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But © # ||g\|.. and therefore @ # lim sup{||G(s)||.:s € S, >>} (see 5.2), 
from which our hypothesis ||G(s)||>o < (Ro + 1)||G(s)||.. yields the relation 
(13) of 5.3. Since (20) implies (15) in 5.4, the net {G(s):s € S, >} satisfies 
all the conditions of 5.4. The conclusion now results from (16), T = [Ag] and 


(E?:s) = [aG(s)]. 


6.13. Definition. A function f is “‘piecewise monotone”’ if there exists a 
member Z of 3R such that f is monotone on Z(v] for all vy in Z* (see 6.7). 


6.14. THEOREM. Let g be a bounded function whose real and imaginary parts 
are piecewise monotone. Then g © §a and [Ag] is a member T of (t) such that 


(1) T = fv-E™(dd) 
in the sense of 6.10-6.11. 


COROLLARY. Suppose that A is a bounded Radon measure on R, and let g be 
the Fourier transform of A. If T, is the convolution operator As,, then T satisfies 
(1) whenever g satisfies the hypothesis of 6.14. 


Proof. Observe that g = (dA) in the notation of 3.1; from 3.2 therefore 
v7 = g, and the conclusion now comes from 6.14. 


6.15. Remark. Suppose J € AR, and let f belong to the set G(J) of all 
real-valued functions that are monotone increasing on J. If o = (a, ©) or 
a = la, ~), then J CO (f € @) isa connected subset of R; therefore J A (f € a) 
€ Gg. 

6.16. Consider now the case ¢ = (a, 8] € AR; then JM\(f € o) € Gq. This 
can be seen by noting that (f € @) is the set-theoretic difference JO (f € o:) 
— J(\ (f € o2), where o; = (a, ©) and oz = (8, ~); since GC, is a Boolean 
ring, the conclusion follows from 6.15. 


6.17. Definition. If J € AR, then M(J) will be the set of all bounded 
functions whose real and imaginary parts are both monotone on J. 


6.18. Lemma. If J € AR and g © MJ), then J\ (g € o) € Cg whenever 
o € AR? 


Proof. Since ¢ € AR?, we can write ¢ = o; X o2, where {o;, 2} C UR, so 
that J) (g € o) = JON (gi © 1) OY (ge © a2). Set « = 1,2. The proof will 
therefore be concluded by establishing that J (\ (g, € ¢,) € Gg. Since this 
was proved in 6.16 for the case g, © G(J), it will suffice to consider the case 
where g, is decreasing on J. But then f = — g, € G(J), and the arguments 
in 6.16 (together with 6.15), give the conclusion J ()\ (g, € a.) € Gg. 


6.19. Definition. If Q C R?, then UQ will denote the set of all mappings F 


of Q into R? such that, if A’ = (Ay’, Ao’) € @ and XA” = (Ay, Ao”) € Q, then 
r.’ <A.” implies F,(A’) < F,(\’’) whenever « = 1 and also when « = 2. 


6.20. Lemma. Suppose J € UR and g € M(J). If F € Ug] then (Fg) € M(J). 
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Proof. The composition (F © g) is the function h such that h(@) = F(g(@)) 
for all 6 in R. In case & < @” and g,(6’) < gi(@’”’), set \’ = g(6’) and \” = g(6”); 
then Ay’ < Ay” and F,(g(6’)) < Fi(g(@’”’)). Therefore hy € G(J). The remaining 
cases can be similarly derived. 


6.21. Remark. Let h € § and J = (a, 8B] € AR. Denote by v(h; J) the total 
variation of A on [a, 8] (1) R. If kh © MJ) (see 6.17), it is easily verified that 
v(h; J) < 8||Al|.. 


Proof of 6.14. Set « = 1,2. By hypothesis there exist two members II, 
and II; of 3R (see 6.7) such that g. is monotone on each II,(x,] when «x, € II,*. 
For any « = (x, «2) in II* = I1,* X I1,*, we write II* = I1,(«;] (\ Me(x2]. Note 
that It € AR and g € M(M*). 

Observe first that g € V, and therefore g € §y (by 4.8). Thus Ag = 7° € (2) 
and wT = g. The property g € §, is proved as follows. Take any o in WR?, 
and note that (g € «) = U{II*/)\ (g € a): « € II*}; since GC, is a Boolean 
ring, the conclusion (g € a) € @, is now inferred from 6.18. 

Next, take any s = (Z, 3) in S[g], set G(s) = v(E7:s) and note that 


(21) IG(s)|, << >> (G(s); m1), 
a=] 
where {1, 2,3,...,m} = II*. From Definition 6.8, there exist functions Z, 


in 3 such that 3(v) € Z, = Z,(v1] K Ze(ve] for all »v = (v3, v2) in Z;* K Z.* 
(the index-sets Z* are defined in 6.7). If A € [g], denote by »[A] the » in Z* 
such that A € Z’, and let F be the function defined by F(A) = 3(v»[A]}) for all 
\ in [g]. From the isotonicity of the correspondences set up in 6.7 it now 
follows that F € Ulg] (see 6.19). On the other hand, it is easily checked that 
G(s) = (FOg) (see (19)). From 6.20 therefore: G(s) € M(J) whenever 
J € UR. 

Suppose « € II*. Since G(s) € M(Il*), it results from 6.21 that v(G(s); 
II*) < 8||G(s)||.., and from (21) therefore: |G(s)|, < 8m||G(s)||.. In view of 
6.10, the proof of 6.14 is completed. 


7.0. Added in proof. Part II of this article has appeared in the Journal 
of Math. and Mechanics, Vol. 10 (1961), 111-134. 


7.1. Remark. (added March 9, 1961). The set V (defined in 4.2) is strictly 
included in the set Vz of all functions having generalized higher 6-variation; 
it can be proved that Vs C §y. This last assertion is clearly stronger than 
our Corollary 4.8; it is implicit in a remark on p. 242 of an article by I. I. 
Hirschman, Jr. “On multiplier transformations’, Duke Math. J., 26 (1959), 
221-242. At the time the present article was written, | was unaware of Pro- 
fessor Hirschman’s remark. 
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HOMOGENEOUS CONTINUA WHICH 
ARE ALMOST CHAINABLE' 


C. E. BURGESS 


The only known examples of nondegenerate homogeneous plane continua 
are the simple closed curve, the circle of pseudo-arcs (6), and the pseudo-arc 
(1; 13). Another example, called the pseudo-circle, has been suggested by 
Bing (2), but it has not been proved to be homogeneous. (Definitions of some 
of these terms and a history of results on homogeneous plane continua can be 
found in (6).) Of the three known examples, the pseudo-arc is both linearly 
chainable and circularly chainable, and the simple closed curve and the circle 
of pseudo-arcs are circularly chainable but not linearly chainable. It is not 
known whether every homogeneous plane continuum is either linearly chain- 
able or circularly chainable. Bing has shown that a homogeneous continuum 
is a pseudo-arc provided it is linearly chainable (4). 

In this paper, a study is made of continua that are almost chainable, and 
the effect upon them by a homogeneity requirement is considered. It is hoped 
that these results might be of some help in a search for other examples of 
homogeneous plane continua or in an attempt to characterize such continua. 

Bing has shown that a homogeneous plane continuum is a simple closed 
curve if it contains an arc (5). Some of the theorems presented here give con- 
ditions under which a nondegenerate homogeneous plane continuum would 
contain a pseudo-arc. Perhaps this is a property of all such continua that do 
not contain an arc. Continua which are almost chainable and for which each 
point is an end point are characterized as continua for which every non- 
degenerate proper subcontinuum is a pseudo-arc. It is not known whether 
every such continuum is homogeneous. A more general question has been 
raised in (8). 

Throughout this paper, a continuum denotes a compact connected metric 
space. Where there is no reference to a space in which a continuum under 
discussion is imbedded, the continuum itself is considered as space. Where a 
plane continuum M is being discussed, M should be considered imbedded in 
a plane E and some of the coverings of M might be collections of open sets 
in E. 

Definitions. Linear chains, circular chains, trees, and continua described 
with them are defined in (10). Various types of homogeneity are defined 


in (9). 


Received March 1, 1960. Presented to the American Mathematical Society, January 29, 
1960. 
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A continuum M is almost chainable if, for every positive number e, there 
exist an e-covering G of M and a linear chain C (ZL, L2,..., L,) of elements 
of G such that no L,; (1 < 2 < m) intersects an element of G-—C and every 
point of M is within a distance « of some element of C. The set Z; is called 
an end link of G. A point p is called an end point of M if, for every positive 
number e¢, there is an ¢e-covering G of M such that is in an end link of G. 

Definitions of end links of trees,? branches of trees, and k-branched con- 
tinua are given in (15). A junction link of a tree T is an element of T that 
intersects at least three other elements of 7. A tree-like continuum is said 
to be k-junctioned, or to have k junctions, if k is the least integer such that, 
for every positive number ¢, M can be covered by an e-tree with & junction 
links. 

THEOREM 1. If the continuum M is nearly homogeneous and almost chainable, 
then M has a dense set of end points. 


Proof. That M has an end point can be shown by a method similar to the 
proof given by Bing (4) to show that a continuum has an end point if it is 
homogeneous and linearly chainable. Then Theorem 1 follows from the near- 
homogeneity of M and the fact that, under a homeomorphism of M onto 
itself, each end point of M goes into an end point of M. 


THEOREM 2. If the continuum M is almost chainable and K is a proper sub- 
continuum of M which contains an end point p of M, then K is linearly chainable 
with p as an end point. 


Proof. Let q be a point of M-—K, and let ¢ be a positive number that is 
less than the distance from g to K. There exist an ¢/2-covering G of M and 
a linear chain C(Z, Lo,...,Z,) in G such that: (1) no Z,(1 < ¢ < nm) inter- 
sects an element of G-—C; (2) every point of M is within a distance ¢/2 of 
some element of C; and (3) p is in L;. There exists an element L, of C such 
that the distance from gq to L, is less than ¢«/2, and it follows that K does 
not intersect L;. This implies that K is covered by the linear e-chain (JZ), 
Le, ..., Ly-1). Thus K is linearly chainable with p as an end point. 


THEOREM 3. In order that every nondegenerate proper subcontinuum of the 
continuum M should be a pseudo-arc, it is necessary and sufficient that M be 
almost chainable with each of its points as an end point. 


Proof of sufficiency. Let K be a nondegenerate proper subcontinuum of M 
and let p be a point of K. By Theorem 2, K is linearly chainable with p as 
an end point. It follows from Theorem 16 of (3) that K is a pseudo-arc. 


The following lemma will be used in proving that the condition is necessary. 


Lemma 3.1. If every nondegenerate proper subcontinuum of the continuum M 
is a pseudo-arc, K is a pseudo-arc in M, C(Ly, L2,..., Ln) is a linear chain 


2A collection that is called a tree in (10) is called a tree-chain in (15). 
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which is an essential covering of K, and p is a point of K — (L, + L,), then there 
is a linear chain C’(L,', La’, ..., Ln’) such that: (1) for each i(1 <i < n), L/’ 
is a subset of L,; (2) for each i(1 <i < nm), the boundary of L, does not con- 
tain a point of M that is not covered by C'; and (3) p is in an element of C’.* 


Proof of Lemma 3.1. Let K’ be a component of K — (ZL; + L,) that inter- 
sects both cl(Z,) and cl(L,), and let K” be the component of K — (LZ; + L,) 
that contains p. Let A denote the closed set M — (L, + L,) and let B denote 
the closed set M- (L, + L: +... + L,). Now suppose that some continuum 
H in A intersects both K’ + K” and B. This leads to the contradiction that 
H + K is decomposable. Hence it follows from (14, Theorem 35, p. 21) that 
A is the sum of two mutually separated closed sets A; and A; containing 
K’ + K” and B, respectively. Let L,’ and L,’ denote L; and L,, respectively, 
and for each i(1 < i < m), let Li’ = A, - Ly. The chain C’(L,’, Le’,..., L,’) 
satisfies the conclusion of Lemma 3.1. 


Proof of necessity. Since every proper subcontinuum of M is indecomposable 
(1; 12), it follows that M is indecomposable. Let « be a positive number 
and let p be a point of M. There exists a pseudo-arc K in M such that ? is 
in K and every point of M is within a distance «/2 of K. Let D(R, Ro, ..., Ry) 
be a linear ¢/2 chain which is an essential covering of K such that p is in R. 
It follows from the proof of Theorem 13 of (1) that there exists a linear chain 
C(Ly, Lo, ..., Ln) which is a refinement of D such that: (1) C is an essential 
covering of K; and (2) L,; and L, are subsets of R, By Lemma 3.1, there 
exists a linear chain C’(L,’, Lo’,..., Ln’) such that: (1) for each i(1 < i < n), 
L;’ is a subset of L,; (2) for each i(1 < i < m), the boundary of L,’ does not 
contain a poiut of M that is not covered by C’; and (3) p is in an element of 
C’. Now for each i(1 < i < 2), let R,’ denote the sum of the elements of C’ 
that lie in R;. Let D’ denote the linear chain (R;’, Ro’,..., R,’). There exists 
an e-covering G of M such that: (1) each link of D’ is an element of G; (2) 
each point of M is within a distance ¢« of some link of D’; (3) no element of 
G — D’ intersects a link of D’ different from R,'; and (4) p is in R,’. Hence M 
is almost chainable and each point of M is an end point of M. 


THEOREM 4. Jf the continuum M is circularly chainable and hereditarily 
indecomposable, then M is almost chainable and each point of M is an end 
point of M. 


Proof. Since every proper subcontinuum of M is linearly chainable and 
hereditarily indecomposable, it follows that every nondegenerate proper 
subcontinuum of M is a pseudo-arc (2). Thus the conclusion of Theorem 4 
follows from Theorem 3. 


THEOREM 5. If the continuum M is homogeneous and almost chainable, then 
every nondegenerate proper subcontinuum of M is a pseudo-arc. 


*This lemma and its proof might be compared with Property 17 and its proof in (5). 
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Proof. Using the homogeneity of M, it can be shown by a method similar 
to the proof of Theorem 1 that every point of M is an end point of M. Hence 
it follows from Theorem 3 that every nondegenerate proper subcontinuum 
of M is a pseudo-arc. 


THEOREM 6. If the continuum M is almost chainable, then M is not a triod. 


Proof. Suppose that M is a triod. Let K be a subcontinuum of M such 
that M —K is the sum of three mutually separated sets K,, Ke, and K;. For 
each i (4 < 3), let D,; be an open set such that cl(D,) is a subset of K,. Let « 
be a positive number such that, for each i, ¢ is less than the distance from cl(D,) 
to M — K, and less than the distance from some point of D,; to the boundary 
of D,. There exist an e-covering G of M and a linear chain C(Z, Lo, ... , Ln) 
in G such that: (1) no L,(1 <j < m) intersects an element of G-—C; and 
(2) every point of M is within a distance ¢« of some link of C. Hence foreach 
i(i < 3), some link L,, of C contains a point p,; of D,; and does not intersect 
M — K,. Consider the case in which r; < re < 73. Then each of the links 
L,, and L,, of the linear chain C intersects the continuum K + K, + K;, 
but Z,, does not intersect this continuum. It follows that for some integer 7 
less than n, the continuum K + K, + K; contains a point of the boundary 
of L, that is not in a link of C. This involves the contradiction that L, inter- 
sects an element of G-— C. Hence M is not a triod. 


Remark. While there does not exist a triod in a continuum that is linearly 
chainable (10), there does exist a continuum which contains a triod and is 
almost chainable. A continuum which is the sum of a simple triod 7 and a ray 
spiralling around JT is such an example. 


THEOREM 7. If the continuum M is almost chainable, then M is unicoherent. 


Proof. Suppose that M is the sum of two continua M, and M; and that p 
and g are two points of M, - M2. Consider the case in which, for every positive 
number e, there exists an e-covering G of M and a linear chain C(L, Lo, ... , Ln) 
in G such that: (1) no L,(1 < 7 < m) intersects an element of G — C; (2) every 
point of M is within a distance « of some link of C; and (3) Z; intersects M,. 
For a choice of «¢ that is sufficiently small, M@, would be covered by C, and p 
and g would lie in two links LZ; and L,, respectively, of C. Hence every link 
of C between L, and L,; would intersect both M, and M;. That p and g lie 
in the same component of M, - M2, and hence that M is unicoherent, can be 
shown by a proof similar to the one given for Theorem 1 of (6). 

Remark. While a continuum is hereditarily unicoherent if it is linearly 
chainable (6), this is not the case for continua that are almost chainable. A 
continuum which is the sum of a circle K and a ray spiralling around K is 
almost chainable but fails to be hereditarily unicoherent. 


THEOREM 8. If the continuum M is almost chainable, then M is irreducible 
between some two points. 
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Proof. By Theorems 6 and 7, M is unicoherent and is not a triod. Sorgenfrey 
(16) has shown that such a continuum is irreducible between some two 
points. 


Remark. Theorem 8 is a generalization of Rosen's result that a continuum 
is irreducible between some two points if it is linearly chainable (15). 


THEOREM 9. Jf the continuum M is nearly homogeneous and almost chainable, 
then M is indecomposable. 


Proof. By Theorem 8, M is irreducible between some two points, and such 
a continuum is indecomposable if it is nearly homogeneous (7). 


THEOREM 10. Jf M is an indecomposable plane continuum and, for each 
positive number ¢, there exists a circular ¢-chain of open disks covering M, then 
M is almost chainable. 


The following definition and lemma will be used in the proof of this theorem. 


Definition. A circular chain C(Ly, Le,..., Lm) is said to fold back one revo- 
lution in a circular chain D(K,, Ko,...,K,) if C is a refinement of D and 
there exist two links K, and K, of D and three links L,, L,, and L, of C such 
that: (1) K, intersects K,; (2) L, is a subset of K,; (3) L, and L, are subsets 
of K,; and (4) there is a linear chain in C that contains L,, has L, and L, as 
end links, and has no link that intersects both K, and K;,. 


LemMMA 10.1. Jf for each positive number «, the continuum M can be covered 
by two circular «-chains C(L,, Lo,..., Lm) and D(K,, Ke,..., Kn) such that 
C folds back one revolution in D, then M is almost chainable. 


Proof of Lemma 10.1. Let K, and K, be links of D and Let L,, L,, and L, 
be links of C such that the requirements of the definition above are satisfied. 
For convenience, suppose that i = 1 and j = nm. Let C’ denote the linear 
chain in C that contains L,, has L,; and L, as end links, and has no link that 
intersects both K, and K,. For each g(l < q < n), let H, denote the sum 
of the elements of C’ that lie in K,. Let G denote the collection consisting of 
the sets Hi, Ho,..., H, and the elements of C-—C’. The collection G is an 
e-covering of M such that: (1) no H,(1 <q < m) intersects an element of 
G-C’; and (2) each point of M is within a distance ¢« of one of the sets 
H,, He, ..., H, Hence M is almost chainable. 


Proof of Theorem 10. Let ¢ be a positive number. There exists a circular 
e-chain D(K,, Ke,...,K,) of open disks covering M such that: (1) for each 
i (1 <i < mn), cl(K,) - cl(K 441, moan) iS a Closed disk; and (2) the sum of the 
elements of D is an open annular ring. Let H and J be the two simple closed 
curves on the boundary of this annular ring. It follows from the indecompos- 
ability of M that there exist two disjoint subcontinua M, and M, of M and 
two consecutive links, say K, and K,, of D such that M, and M, are covered 
by the linear chain (K,, Ko,..., K,—1) and are irreducible from K,- cl(K,) to 
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K,-1 - cl(K,). Let 6 be a positive number that is less than the distance from 
M, to Mz, and let C(Li, Lo,..., Ln) be a circular é-chain of open disks 
covering M such that each cl(Z,) is a subset of an element of D and the links 
of C satisfy conditions similar to those required for D in (1) and (2) above. 
Let J, denote the boundary of K,. Then J, - cl(K,) and J, - cl(K,_:) are 
arcs ab and cd, respectively, where a + c and 6 + d are subsets of H and J, 
respectively. Let W denote the collection of all linear chains in C that are 
refinements of the linear chain (K,, Ko,...,K,~-1) and are irreducible* from 
ab to cd. Let Ci, Co, ... , C,; denote the chains of W, and for each i (1 < i < 1), 
let L,; and L,,; be the end links of C; that intersect ab and cd, respectively. It 
follows from the choice of 6 that r > 1. For convenience, suppose that p; = 1 
and that the chain C; consists of the elements L;, Ls,...,L,, of C. There 
are two cases to consider. 


Case 1. There exist two integers i and j (1 < i <j <r) such that either 
no p, is between g,; and gq, or no q, is between p, and p,;. This implies that C 
folds back one revolution in D, and hence it follows from Lemma 10.1 that 
M is almost chainable. 


Case 2. The requirements of Case 1 are not satisfied. It will be shown that 
this case is impossible. For convenience, suppose that the sets L,,, L,.,..., L», 
intersect the arc abd in the order named from abd. It follows from (14, Theorem 
17, p. 167) that the sets L,,, L,,,..., Z,, intersect the arc cd in the order 
named from c to d. It follows from (14, Theorem 17, p. 189) that there exist 
two disjoint arcs ef and gh that are irreducible from H to J such that: (1) 
e+ g and f +h are subsets of H and J, respectively; (2) ef and gh do not 
intersect cl(K,); (3) for each i (1 < i <r), each of the arcs ef and gh inter- 
sects the closure of one and only one link of C,; and this intersection is a 
connected set; and (4) neither ef nor gh intersects the closure of a link of C 
unless that link is in one of the chains C,, Co,...,C,. Let Y be the simple 
closed curve formed by the arcs ef and gh and two arcs eg and gh of H and J, 
respectively, that do not intersect cl(K,). By considering the order on Y of 
the intersections of the arcs ef and gh with links of the chains C;, Co,..., C,, 
it follows from (14, Theorem 17, p. 167) that if the links of C(Zi, Le, ..., Lm) 
are followed in their natural order in C, then the end links of the chains 
Ci, C2,..., C, would occur as follows. First, Z,, = ZL; would occur, next Lg, 
would occur, then some L,,; (¢ > 1) would occur, then Z,; would occur, then 
some L,; (j > 1) would occur, etc. By continuing this way until L,, occurs, 
then some L,, (s <r) would occur next, and this would involve a contra- 
diction to (14, Theorem 17, p. 167). 


Remark. It would be interesting to know whether every plane continuum 
M that is circularly chainable can be imbedded in the plane so that, for 


4A linear chain C is irreducible between two sets X and Y if one end link of C intersects X 
and the other intersects Y but no proper subchain of C has this property. 
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every positive number ¢«, M can be covered by a circular ¢-chain of open 
disks.* Every continuum M that is linearly chainable can be imbedded in the 
plane so that, for every positive number e, M can be covered by a linear 
e-chain of open disks (3). However, there do exist continua, for example 
solenoids (5), which are circularly chainable and cannot be imbedded in the 
plane. 


THEOREM 11. Jf M is a homogeneous indecomposable plane continuum such 
that, for each positive number «, M can be covered by a circular «-chain of open 
disks, then every nondegenerate proper subcontinuum of M is a pseudo-arc. 


Proof. By Theorem 10, M is almost chainable. Hence, it follows from 
Theorem 5 that every nondegenerate proper subcontinuum of M is a pseudo- 
are. 


Remark. The pseudo-arc (1; 13) is the only known example of a continuum 
which satisfies the hypothesis of Theorem 11. While the pseudo-circle (2) is 
not known to be homogeneous, it is described with circular chains of open 
disks and each of its nondegenerate proper subcontinua is a pseudo-arc. It 
would be interesting to know whether a plane continuum is a pseudo-circle 
if it is circularly chainable, hereditarily indecomposable, and different from 
a pseudo-arc. This is suggested by Bing’s result that a continuum is a pseudo- 
arc if it is linearly chainable and hereditarily indecomposable (2). 


THEOREM 12. If the tree-like continuum M is k-branched and nearly homo- 
geneous, then M is indecomposable. 


Proof. Rosen has shown that every k-branched continuum is irreducible 
about some & points (15), and such an irreducible continuum is indecompo- 
sable if it is nearly homogeneous (7). 


Remark. Since every tree-like continuum is hereditarily unicoherent (6), it 
follows from a result by F. B. Jones that every homogeneous tree-like con- 
tinuum is indecomposable (11). However, it is necessary in Theorem 12 to 
require that M be k-branched, or at least that it be k-junctioned, as there 
exists a dendron which is nearly homogeneous (9). 


THEOREM 13. If the indecomposable tree-like continuum M is k-junctioned and 
nearly homogeneous, then M is almost chainable. 


The following definition and lemma will be used in the proof of Theorem 13. 


Definition. A junction link Z of a tree T is said to be a free junction link 
of T if there does not exist a linear chain in T which contains Z and has two 
junction links of T different from L as end links. 


5A forthcoming paper by R. H. Bing will include an affirmative answer to this question. 
Hence the hypotheses of Theorems 10 and 11 can be weakened accordingly. 
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LEMMA 13.1. If the tree-like continuum M is k-junctioned and nearly homo- 
geneous, U is an open subset of M, and « is a positive number, then there exists 
an e-tree T which covers M and contains only k junction links such that some 
free junction link of T is a subset of U. 


Proof of Lemma 13.1. It is easy to see that each tree different from a linear 
chain has a free junction link. For each positive integer 7, let 7; be a 1/i-tree 
covering M such that 7; has exactly k junction links, and let K, be a free 
junction link in 7;. Some subsequence of the sequence K,, Ko, K3,... con- 
verges to a point p. For convenience, suppose that K,, Ko, Ks, ... converges 
to p. There is a homeomorphism f of M onto itself that carries p into a point 
of U. Hence for infinitely many integers 7, f(K,) is a subset of U. From this 
and the uniform continuity of f, it follows that, for some integer n, f(K,) is 
a subset of U and each link of 7, has an image, under f, with a diameter less 
than «. The collection consisting of all images, under f, of links of 7, is a 
tree T satisfying the requirements of the conclusion of Lemma 13.1. 


Proof of Theorem 13. Suppose that M fails to be almost chainable. There 
exists a positive number « such that every «¢-tree covering M has at least k 
junction links and such that no e-covering of M satisfies the requirements 
for M to be almost chainable. It follows from the indecomposability of M 
that there exists a collection W consisting of 2k disjoint subcontinua of M 
such that, for each element X of W, each point of M is within a distance «/2 
of X. Let 6 be a positive number less than ¢/2 such that no two continua of 
W are within a distance 6 of each other. Let G be a 6-tree which covers M 
and has only & junction links. No two continua of W intersect the same 
link of G, so there exist at least k continua of W that do not intersect a junction 
link of G. From the supposition that M fails to be almost chainable, it follows 
that no branch of G covers a continuum of W. Now by induction on &, it 
can be shown that, for any & linear chains in G each of which has two junction 
links of G as end links, one such chain must contain at least three junction 
links of G. Hence there exist two continua H and K of W and a linear chain 
C(Ly, Lo,..., L;,..., Zn) in G such that: (1) no link of C is a junction link 
of G; (2) H is covered by the linear chain (Z;, Lo,...,Z,;); and (3) K is 
covered by the linear chain (L541, Lj42,..., Ln). By Lemma 13.1, there exists 
a tree G’, covering M such that: (1) G’ is a refinement of G; (2) G’ has exactly 
k junction links; and (3) some free junction link R of G’ is a subset of L,; and 
is not a subset of any other element of C. Let A denote the collection of all 
elements X of G’ such that some linear chain in G’ has both R and X as links 
and has no more than one link that intersects LZ; + L,. There are two cases 
to consider. 


Case 1. One of the sets L; and L,, say L;, does not intersect an element of 
A. Let r be the least positive integer such that L, contains an element of A 
that is not in L,,;. For each i(r < i < n), let K; denote the sum of all elements 
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of A that lie in L;. Now, since K is covered by the linear ¢/2-chain (L441, 
Lj42,..., Ln) and every point of M is within a distance «/2 of K, it follows 
that every point of M is within a distance « of some link of the linear ¢-chain 
(K,, Kr41,..., Kn-1). However, since no element of G’ — A intersects one of 
the sets K,, K,4:,..., Kaa, this is contrary to the supposition that M fails 
to be almost chainable. 


Case 2. Each of the sets Z; and L, intersects an element of A. There exist 
linear chains C,; and C; in G’ such that C, is irreducible from R to L; and Cy 
is irreducible from R to L,. Let B denote the collection of all links of G’ that 
lie in a branch of G’ that starts at R. From the supposition that M fails to 
be almost chainable, it follows that neither Z, nor L, intersects an element 
of B. For each i (1 < i < n), let L,’ denote the sum of the elements of the 
collection B + C, + C, that lie in LZ, but not in L,,;. Let G” denote the collec- 
tion consisting of Le’, L;’,..., L»—-1’ and the elements of G’ -(B + C, + C,). 
Then G” is an e-tree covering M, and each junction link of G” contains a junc- 
tion link of G’. However, unless L,’ contains a junction link of G’ different 
from R, L,’ is not a junction link of G’. Hence G” has no more than k-1 
junction links. This involves a contradiction as « was chosen so that every 
e-tree covering M would have at least & junction links. 


THEOREM 14. If the tree-like continuum M is k-branched and nearly homo- 
geneous, then M is almost chainable. 


Proof. A k-branched continuum is at most (k-2)-junctioned. Hence Theorem 
14 follows from Theorems 12 and 13. 


THEOREM 15. If the tree-like continuum M is k-junctioned and homogeneous, 
then every nondegenerate proper subcontinuum of M is a pseudo-arc. 


Proof. As observed in the remark following Theorem 12, M is indecompos- 
able. Hence it follows from Theorems 5 and 13 that every nondegenerate 
proper subcontinuum of M is a pseudo-arc. 


COROLLARY. If the tree-like continuum M is k-branched and homogeneous, 
then every nondegenerate proper subcontinuum of M is a pseudo-arc. 


Remark. By slight modifications of the arguments, it can be shown that 
Theorems 5 and 11 and the above corollary hold for a weaker type of homo- 
geneity where, for each point p in the continuum M and each nondegenerate 
subcontinuum K of M, there is a homeomorphism of M onto itself that 
carries p into a point of K. 
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